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Indefinite inner product

A function [.,.] from C" x C™ to C is called an indefinite inner product in

C™ if the following hold for all z,y,z € C™ and «, 5 € C:
(i) [ax + By, z] = o[z, z] + Bly, z] (linear in the first argument),

(ii) [z,y] = [y, x] (anti-symmetric),
(i) and if [x,y] = 0 for all y € C™, then x = 0 (nondegenerate).
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Indefinite inner product

A function [.,.] from C" x C™ to C is called an indefinite inner product in
C™ if the following hold for all z,y,z € C" and «, 5 € C:

(i) [ax + By, z] = o[z, z] + Bly, z] (linear in the first argument),

(ii) [x,y] = [y, x] (anti-symmetric),
(iii) and if [x,y] = 0 for all y € C", then = 0 (nondegenerate).
It's known that [z,y] = (Hz,y), x,y € C", with H an n X n invertible
Hermitian matrix.

A square complex matrix B is said to be H-selfadjoint if [Bx,y] = [z, By]
for all x,y € C™, or equivalently, B is H-selfadjoint if

HB = B*H.

Furthermore, if B is an H-selfadjoint matrix, then o(B) is symmetric a
relative to the real axis.
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Notation

Let the Jordan normal form of a square matrix B be given by
STIBS = Jn, (M) @ - @ Jn,(Ns), where

Ao 1

Jni()\i) =

for \; € o(B).
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Notation

Let the Jordan normal form of a square matrix B be given by
STIBS = Jn, (M) @ - @ Jn,(Ns), where

Ao 1

Jni()\i) =
1
i

for \; € 0(B). Let Q,, denote the n x n sip matrix:

1
an
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Canonical form of (A, H) where A is H-selfadjoint

Theorem 1

Let A € C™"*" be an H-selfadjoint matrix. Then there exists an invertible
matrix S over C such that S—'AS and S*HS have the form

STIAS = T (M) @ -+ @ Ji, (M) (1)
® [Jkarr Pat1) @ Jkars Pat1)] @ -+ @ [Jrs (Ag) @ Tk, (Ap)]

where A1, ..., A\ are real and A1, ..., g are nonreal with positive
imaginary parts; and

S*HS =€1Qk;, @ -+ © €aQky © Q2koyr © -+ © Qagy (2)

where €1, ...,&, are £1. The canonical form given by (1) and (2) is

uniquely determined by the pair (A, H), up to a permutation of diagonal
blocks.

Madelein van Straaten (NWU) Square roots of H-nonnegative matrices SAMS, 6 December 2022 4/20




Canonical form of (A, H) where A is H-selfadjoint

Theorem 1

Let A € C™"*" be an H-selfadjoint matrix. Then there exists an invertible
matrix S over C such that S—'AS and S*HS have the form

STIAS = T (M) @ -+ @ Ji, (M) (1)
® [Jkarr Pat1) @ Jkars Pat1)] @ -+ @ [Jrs (Ag) @ Tk, (Ap)]

where A1, ..., A\ are real and A1, ..., g are nonreal with positive
imaginary parts; and

S*HS =€1Qk;, @ -+ © €aQky © Q2koyr © -+ ® Qagy (2)

where €1, ...,&, are £1. The canonical form given by (1) and (2) is

uniquely determined by the pair (A, H), up to a permutation of diagonal
blocks.

Madelein van Straaten (NWU) Square roots of H-nonnegative matrices SAMS, 6 December 2022 4/20




Sign characteristic and Segre characteristic

Definition 2

Let B be an n x n complex H-selfadjoint matrix with a single real
eigenvalue A and geometric multiplicity of one. We say B has a positive
sign characteristic (with respect to H) if (B, H) has canonical form
(Jn(N),Qn) and a negative sign characteristic (with respect to H) if
(B, H) has canonical form (J,(\), —Qp).
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Sign characteristic and Segre characteristic

Definition 2

Let B be an n x n complex H-selfadjoint matrix with a single real
eigenvalue A and geometric multiplicity of one. We say B has a positive
sign characteristic (with respect to H) if (B, H) has canonical form
(Jn(N),Qn) and a negative sign characteristic (with respect to H) if
(B, H) has canonical form (J,(\), —Qp).

Definition 3

Let B be a square nilpotent matrix with Jordan form J = @;_; J,,,(0)
and assume that ny > ne > n3 > ... > n, > 0, where n; represents the
length of a Jordan chain. The Segre characteristic of B is defined as

(’I’L1,7’LQ,7’L3, oo ,7’117«).

v

-
Madelein van Straaten (NWU) Square roots of H-nonnegative matrices SAMS, 6 December 2022 5/20




Example 1
Let the following matrices be given
01 }
0 0
01
B = J3(0) ® J2(0) @ J1(0) @ J1(0) = 00 ;
0
L 0]
0 1 -
10
0 1
H=Q0 Q20 -Q1©0Q1= 1 0o
—1
L 1
The matrix B is H-nonnegative and has Segre characteristic (2,2,1,1).
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H-selfadjoint square roots of H-selfadjoint matrices

Theorem 4 ([van der Mee, Ran, Rodman, 1999])

Let B be an H-selfadjoint matrix. Then there exists an H-selfadjoint
matrix A such that A?> = B if and only if the canonical form of (B, H)
has the following properties:

(i) the Jordan blocks corresponding to the negative eigenvalues exist in
pairs and the two Jordan blocks in each pair have opposite sign
characteristic;

(ii) the Jordan blocks corresponding to the zero eigenvalue can be written
as JU @ J? @ JO) where JU) is a direct sum of pairs
Jp:(0) ® J,,(0), J?) is a direct sum of pairs J,.(0) @ Jp,_1(0) and
JB) is a direct sum of 1 x 1 blocks and where the blocks in each pair
in JU) have opposite sign characteristic and those in each pair in J?)
have the same sign characteristic.
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The problem

r e C".

A square complex matrix B is called H-nonnegative if [Bx,x] > 0 for all
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The problem

A square complex matrix B is called H-nonnegative if [Bx,x] > 0 for all
xeCr.

Let B be an H-nonnegative matrix.
o Finding necessary and sufficient conditions for the existence of a
square root for B.
@ Finding a description of all possible square roots of nilpotent
H-nonnegative matrices.
o Extending the results to finding H-selfadjoint and H-nonnegative
square roots of B.
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Characteristics of H-nonnegative matrices

Theorem 5 ([Gohberg, Lancaster, Rodman, 2005])

A matrix B is H-nonnegative if and only if the following hold:
(i) B is H-selfadjoint;
(i) B has a real spectrum;

(iii) the canonical form of the pair (B, H) is (S™'BS, S*HS) which is
given by

q r—q S t
ST'BS =@ 1(M) @ €D Ji(Ag+i) @ €D J1(0) & €D J2(0),
=1 =1 =1 =1

q r—q s t
S*HS = @Ql @ @(—Ql) ® EB&'Ql ® @Qz,
=1 i=1 =1 =1

where A1,..., g >0, Ag41,..., A\ <0, and g; = £1.

V.
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Conditions for existence of a square root

Theorem 6 (See e.g. [Cross and Lancaster, 1974])

For any nilpotent matrix B there exists a square root A if and only if there
exists a reordering ni,ns,...,n, for some p, of the Segre characteristic of
B such that the difference naj — naj_1 of each pair is equal to zero or one

forall j=1,...,5.
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Conditions on H-nonnegative matrix

Write any H-nonnegative matrix B in Jordan normal form as

B = B_ ® By & By, where B_ has a negative spectrum, B, a positive
spectrum, and By has only zero in the spectrum.
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Conditions on H-nonnegative matrix

Write any H-nonnegative matrix B in Jordan normal form as
B = B_ ® By & By, where B_ has a negative spectrum, B, a positive
spectrum, and By has only zero in the spectrum.

Theorem 7

Let By be a nilpotent H-nonnegative matrix. Then the following hold:
(i) If By has an even number of Jordan chains of length two, then B
has a square root.

(ii) If By has an odd number of Jordan chains of length two, then By has

a square root if and only if By has at least one Jordan chain of length
one.

v
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Example

Example 2

Let B be H-nonnegative, with B = J5(0) @ J2(0) @ J1(0) & J1(0) and
H=0Qs®Q2® —Q1 D Q1. Then the Segre characteristic of B is
(2,2,1,1). Now there exists three different reorderings or pairings which
can each deliver a square root:

e (2,2),(1,1)

e (2,2),(1,0),(1,0)

e (2,1),(2,1) )
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Descriptions of square roots

Theorem 8

Let By be a nilpotent H-nonnegative matrix in canonical form. That is,
By = @!_, J2(0) @ @:_, J1(0). Then the square roots of blocks with all
possible Segre characteristic are given as:

1 The square root of J1(0) = [0], which is associated with the pair
(1,0), is equal to [0];

2 The square root of J1(0) & J1(0), which is associated with the pair
(1,1), is

a2
© "B , for any complex numbers «, 5 with 8 #£ 0, or 0 a
6 —« 0 0

for any nonzero complex number o;
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Descriptions of square roots

Theorem 8 continued
3 The square root of J>(0) @ J1(0), which is associated with the pair

(2,1), is
0 a B
0 0 0}, for complex numbers « and 3 # 0; (4)
0 % 0
B

4 The square root of J5(0) @ J2(0), which is associated with (2,2), is

2
—az3 —ay o2 f 0 m 72 7
—o3 0 0 O
0 —Qs3 0 a—13 , or . 1 : Y2 7 (5)
o S 0 62 0 _gl

0 a1 0 Qs

where o, 72 is nonzero, and 3 = ;15(041 -+ a%ag — 2a1ai301).
1
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Example
Let B and H be given by

0 1]0 0 1|0
B=|00l0|, H=Q@®-Q1=|1 0| 0
0 00 0 01

Then B is H-nonnegative. The matrix

is a square root of B, but is not H-selfadjoint (i.e. HA # A*H).
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Example
Let B and H be given by

1]0 0 1
B= 0[0|, H=Qs®-Qi=|1 0] 0
0/0 0 0

oo O

Then B is H-nonnegative. The matrix

is a square root of B, but is not H-selfadjoint (i.e. HA # A*H). The
matrix A is however H'-selfadjoint where

0 1]0
H=QeQi=|1 0|0 @
0 01 NWU ©
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Existence of H-selfadjoint square roots

Recall that for an H-nonnegative matrix we denote by
@ s the number of Jordan blocks at zero of size one,
@ ¢ the number of Jordan blocks at zero of size two.

For the following we denote by s, (s_) the number of positive (resp.
negative) entries in the vector (£1,...,&5), hence we have

S=5_+S4.
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Existence of H-selfadjoint square roots

Recall that for an H-nonnegative matrix we denote by
@ s the number of Jordan blocks at zero of size one,
@ ¢ the number of Jordan blocks at zero of size two.

For the following we denote by s, (s_) the number of positive (resp.
negative) entries in the vector (¢1,...,&5), hence we have

S=5_+S4.

Theorem 9 ([Janse van Rensburg, vS, Theron, Trunk])

An H-nonnegative matrix B in C" has an H-selfadjoint square root if and
only if B satisfies the following conditions.

Q o(B) C[0,00);
Qs 2>t

v
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Existence of H-nonnegative square roots

Theorem 10 ([Janse van Rensburg, vS, Theron, Trunk])

An H-nonnegative matrix B in C"*"™ has an H-nonnegative square root if
and only if the following properties hold:

(i) o(B) C [0,00);

(ii) B has no Jordan blocks of size two at the eigenvalue zero, that is,
t=0.
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