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Applications

Physical applications which are described by fourth order
problems are vibration of strings and stability of flexible
missiles.
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Introduction

» Birkhoff has given an expansion theorem and an estimate
for Green’s function of the class of regular boundary
conditions (Birkhoff regular), [Trans. Amer. Math. Soc. 9
(1908), 219-231].

» Salaff has done a deep investigation of Birkhoff regular
boundary conditions and has provided a simplified version
of these conditions. In addition, he has proved that
self-adjointness implies Birkhoff regularity for even order
operators, [Trans. Amer. Math. Soc. 134 (1968), N2,
355-373].

» Mennicken and Mdller, using the boundary matrices, have
given a simplified definition of Birkhoff regular problems,
[Non-self-adjoint boundary eigenvalue problems, vol 192,
Noth-Holland Publlishing Co., Amsterdam, 2003] .

4/22



Introduction
On the interval [0, a] we consider the boundary value problem

Y = (') = N, (1)
Bi(A\)y=0,j=12,3,4, (2)
where a > 0, g € C'[0, ] is a real valued function.

The boundary terms B;(\)y have the forms:

{yW(m =0, (o) =o,

ysl(a) + igsaylel(a) = 0,  yP(a) + iBsrylel(a) = 0, ®)

with0 <p; <pr <3,0<g3<p3<3,0<qs <py<3and
0<p3; <ps<3.

We recall that the quasi-derivatives associated with (4) are
given by

W =y, y =y 3B =7 3B =30 — g/ YT = ) — gy,

5/22



Self-adjoint fourth order problems

On the interval [0, a] we consider the boundary value problem

Y — (&) = Ay, (4)
Bi(A\)y=0,j=1,2,3,4, (5)

The boundary terms B;(\)y have the forms

> Bj(\)y = yPl(q;) or

> Bi(\)y = ylpil (a;) + isja)\y[qf} (a;),
where gj =0forj=1,2,a; =aforj=3,4, o > 0and
g € {—1, 1}.
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Self-adjoint fourth order problems

Define

0; ={s€{1,2,3,4} : Bs(\) depends on A}, ©g = {1,2,3,4}\Oy,
oY =0,n{1,2}, ©¢=0,n{3,4}.

Assumption
The numbers py, p, q; forj € ©0 are distinct as well as the
numbers ps3, ps4, g; forj € ©f.
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Self-adjoint fourth order problems

We denote by U the collection of the boundary conditions (5)
and define the following operators related to U:

Uoy = 0"(a)))jco, and Ury = (ep19(a)))je0,, v € W4(0,a).

We put k = |©,] and consider the linear operators A(U), K and
M in the space L,(0,a) @ C* with domains

aw) ={5=(g1,) : » € Wi0.0. (@) =0torj < &0}

(A(U))F = @jy) fory € D(A(U)), K = (8 (I’> and M — <(’) 8)
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Self-adjoint fourth order problems

The conditions under which the differential operator A(U) is
self-adjoint are given by

Theorem (Mdller & Zinsou, Theorem 1.2, QM, 34(2011))
Denote by P, the set of p iny’)(0) = 0 for the \-independent
boundary conditions and by P, the corresponding set for

yPl(a) = 0. Then the differential operator A(U) associated with
this boundary value problem is self-adjoint if and only if

p + q = 3 for all boundary conditions of the form

W (a)) +iagi 9 (a;) = 0 and &; = 1 if q is even in case a; = 0 or
odd in case aj = a, €; = —1 otherwise, {0,3} ¢ Py, {1,2} ¢ Py,
{0,3} ¢ P, and {1,2} £ P,.
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Self-adjoint fourth order problems

We will distinguish the following different cases of boundary
conditions at the endpoint 0:

Case 1: (p1,p2) = (0,1), Case 2 : (p1,p2) = (0,2), ®)
Case 3 : (pl)pZ) = (173)7 Case 4 : (PlaPZ) = (273)
Hence, we get
W) =0,j=1,2 (7)
Wil(a) +iag\yll(a) = 0, = 3,4, (8)

0<p1 <p2<3,p1+p2#3,(p3,q3) = (2,1), (ps,q4) = (3,0),
e3=1and g4 = —1.
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Self-adjoint fourth order problems

The asymptotics of the eigenvalues are given by

Theorem (Mdller & Zinsou, Theorem 5.2, Complex Anal.
Oper. Theory , 6(2012))

For g € C'[0,a], there exists a positive integer ko such that the
eigenvalues )\, k € 7 of the problem (4 ) (7), (8), where

Bi(y) = y(0), Ba(y) = »P21(0), Bsy = y"(a )+ V(@) and

Bay = yBl(a) — iNy"(a) are Ay = — i, \i = i fork > ko and the
i have the asymptotics

uk—k —I—To+ L4

. k2+0(k )

and the numbers 1y, 11, 7> are as follows:

11/22



Self-adjoint fourth order problems

Theorem (cont)
Case l: p1 =0,pp =1,

T 1 Gla)  il+a?

=" M T, +§ Ta
_ 1 G(a) N il + a? Ca((1— a?)? 4+ a?g(0))
16 8 ma 4m2q? '

Case2: p1 =0, pr =2,

T lG(a)+i1—i-a2
TO=—7, T] = — =
0 27" 4 1 2 wa

1G@)+£1+a2 a(l —a?)?)

8 7 4 na 472q?
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Self-adjoint fourth order problems

Theorem (cont)
Case 3: p1 =1, pr =3,

v 1 Gla) il+a?
i R
1Gla) il+a® a(l—a?)?
T, = — = -
T4 r 2 7o 472q2

Case 4: p1 =2, pr =3,

5w 1Gla)  il+a?

=74 " T4 ¢ +§ Ta
5 G(a)  S5il+ o a((1 - a?)? —3a%g(0))
2% « 8 wa 472q? '

In particular, there is an even number of the pure imaginary
eigenvalues in each case.
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Birkhoff regular fourth order problems

Questions
1. What happens if we drop the self-adjointness conditions?
2. Do we still obtain the same expansions?
We need to choose our boundary conditions such the problem
is Birkhoff regular.
We define

0; ={s€{1,2,3,4} : Bs(\) depends on A}, ©g = {1,2,3,4}\Oy,
9)
@?:@10{172}7 @?:@1Q{3,4}, (10)

and

A={sec{1,2,3,4)} :p; > —oo}, A= AN{1,2}, A= AN{3,4}.
(11)
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Birkhoff regular fourth order problems

Assumption

We assume that the numbers p, fors € A°, g; forj € ©? are
distinct and that the numbers p, for s € A“, g; forj € ©f are
distinct.

Let pj,q; € {0, 1,2,3}, where p;, g; are as defined in Assumption
0.3,j=1,2,3,4. Letusuchthatu = 0if j = 1,2 and u = 1 if
j=3,4. LetC(r,u), r=1,2,3,4,5, u =0, 1, be the following
conditions, for =1, 2:

C(1,u): proou > qiyou + 2, Prv2u > qarou + 2;

(2,u): pryou > qry2u + 2, @420 + 2 > P2yous

(3, U): Praau > qitou + 2, Priou = qotou + 2 @Nd Bogoy # (—1)
(4,u): q12u + 2 > Praaus Q20 + 2 > P2taus

(5,u): qryou +2 > priows P2+2u = qa+2u + 2,

GQQQ

Brron 7 (=DM i grion — griou = 1,
u .
(—1)! it qiiou— qo420 = 3.
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Birkhoff regular fourth order problems

Using the classifications done by Zinsou: Fourth order Birkhoff
regular problems with eigenvalue parameter dependent
boundary conditions. Turk J Math 40 (2016), 864—-873, we have
the following proposition

Proposition

The problem (4), (5) is Birkhoff regular if and only if there are
ro,r1 € {1,2,3,4,5} such that the conditions C(ry,0) and
C(r1,1) hold.

Hence, we write the boundary conditions (5) as

i) =0, yrlo)=o, (12)
ybvz] (a) + ,'53>\y[q3](a) =0, y[p4] (a) + i54)\y[q4] (a) =0,

where 0 <p; <pr <3,0<g3<p3<3,0< g <py <3and
0<p3<ps<3.
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Birkhoff regular fourth order problems

We will distinguish the following different cases of boundary
conditions at the endpoint 0:

Case 1: (PlaPZ) = (Oa 1)7 Case 2 : (pI»PZ) = (Ov 2)a
Case 3 : (p1,p2) = (0,3), Case 4 : (p1,p2) = (1,2), (13)

Case 5: (p1,p2) = (1,3), Case 6 : (p1,p2) = (2,3).

However the boundary conditions at the right endpoint a will be
classified as

Y'(@) +iB3Ay, (a) =0, y¥l(a)+iBsdy(a) =0.  (14)
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Birkhoff regular fourth order problems

Theorem

For g € C'[0,al, there exists a positive integer ko such that the
eigenvalues \, k € 7 of the problem (4), (12), where

Bi(y) = yP1(0), Ba(y) = yP(0), Bsy = y"(a) + iB31Y (a) and
Bay = yPl(a) + iBsAy(a) are A\_x = — M, M = 12 fork > ko and
the . have the asymptotics

ukfk —I—To—i- L4

. k2+o(k )

and the numbers ty, 11, T are as follows:
Case l: p1 =0,pr =1,

16l 11— ps

=T M T, 27 By ]

1 G(a) 1ag(0) 1a(B3B3+2B64+1) 1 1— B3

2706« 4 2 4 oy N
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Birkhoff regular fourth order problems

Theorem (cont)
Case2: p1 =0,py =2

T 1G(a)+lil—ﬁgﬂ4
TN=—7, TI = — 5=
0 ' 4 x 27 B3

16(@ 1a(BB+284+1)  1i1-5s

8 7 4 w233 47  fs

T =

Case 3: p; =0, pr =3,

St 1 B3Bs—1 i Gla)
TN=—"—, T = = - - ,

4a 2 73 4 7

1 aG*(a) 1 aG(a) BsBs —1 N 5 Bafs—1
T =—— - 2
2T 716 2 4 72 535 8 s

1a(BB 286+ 1)  5i Gla)
4 w233 16
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Birkhoff regular fourth order problems
Theorem (cont)
Case 4:py=1,pr =2,

Lo o _1BBk—1 iGla)
0 40’ ' T2 b, 4

)

1 aG*(a)  1aG(a) Baf3—1 5 fafz—1
16 72 4 g2 B3 + 8 7
1 a(B3B; =288+ 1) 5i Gla)

4 w233 16 © °

T =

Case5: p1=1,pr =3,

T . 1 G(a) 11 1—ﬂ3ﬁ4
Ty T i T Tan
Gla) la(Bf+26:6+1) 1 L= Bsfs

1
T4 T4 w22 27 B
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Birkhoff regular fourth order problems

Theorem (cont)
Case 6: p; =2, pr =3,

_ 5nm 1G(a) 1il—p58
T T4 T, 27 7B
5 Gla) 3ag(0) 1a(B2B7+2B381+1) 5i1—pB3p
™ =— +— —— +5 = .

16 = 4 72 4 w233 87 7hs

In particular, there is an odd number of pure imaginary
eigenvalues in each case.
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Thank you

22/22



