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Introduction

Introduction

We determine upper bounds on n when the nth term of a Lucas sequence
is expressible as a product of factorials. In fact, we show that if {Up}n,>0 is
a Lucas sequence, then the largest n such that |U,| = milmay!- - my! with
1<m; <mp <. < my, satisfies n < 62000. When the roots of the
Lucas sequence are real, we have n € {1,2,3,4,6,12}.

As a consequence, we formulate and prove a corollary regarding the X-
coordinates of Pell equations which are products of factorials. We show
that if {X,}n>1 is the sequence of X- coordinates of a Pell equation

X? — dY? = £1 with a nonsquare integer d > 1, then X,, = m! implies
n=1.
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Motivation

Let )
PF::{iHmj!:kZlandlSmlgmgg---gmk}
j=1

be the set of integers which are the product of factorials. Members of PF
are sometimes called Jordan-Polya numbers and several recent papers
investigate their arithmetic properties.
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It was shown by Luca that if t > 1 is any fixed integer, then the
Diophantine equation Hle Un, € PF has only finitely many positive
integer solutions 1 < n; < np < --- < n; and they are all effectively

computable.
When (r,s) = (1,1) then U, = F, is the nth Fibonacci number. For this

particular case, it was shown by Luca and St3nicd that the largest solution
of equation in which t is also an indeterminate but with the condition on
theindices 1 < m < n <--- < n;is

FiFyF3FyFsFgFgFigF1o = 11!
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Definitions

Linear recurrence sequence of order k

Let kK > 1 be an integer. A sequence {w,}n>0 C C is called linearly
recurrent of order k if the recurrence

Wpik = @1Wpyk—1 + 2Wpik—2 + -+ axwp

holds for all n > 0 with a;,...,a, € C.
For k = 2, the sequence {w,},>0 is called binary recurrent.
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Definitions and Preliminaries

Characteristic polynomial
Suppose that ax # 0. If a1,...,ax € Z and wy, ..., wx_1 € Z, then, by
induction on n, we find that w, is an integer for all n > 0. The polynomial

f(X) =Xk —a X1 —... — a3, € C[X]

is called the Characteristic polynomial of {w;}n>0.
The characteristic polynomial for the binary recurrent sequence is of the

form
FX)=X2—a X —ap = (X —a1)(X — az),

where a1 and «y are the roots of the polynomial.

Mark Sias (University of Johannesburg) SAMS 2022, Stellenbosch University Today 7/46



Definitions and Preliminaries

Lucas sequence
A Lucas sequence {Up}n>0 is a linear recurrent sequence of order 2

(or binary recurrence) defined by
Upyo =rUpy1+sU, n=>0,

for r and s positive integers such that ged(r,s) =1, Uy =0, U; =1 and
the ratio o/ of the roots «, 8 of x> — rx — s = 0 is not a root of 1.

Mark Sias (University of Johannesburg) SAMS 2022, Stellenbosch University Today 8/46



Definitions and Preliminaries

Companion Lucas sequence
The Companion Lucas sequence {V,,},>0 of parameters (r,s) is given by

Vo=a"+ 3" for all n>0.
Alternatively, it can be defined recursively as
Voo = rVpp1 + sV, forall n>0

with initial conditions Vo =2, Vi =r.
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Definitions and Preliminaries

The Pell equation
This is the Diophantine equation with unknowns (x,y) € Z? defined by

where d is a positive integer which is not a perfect square.
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Definitions and Preliminaries

Cyclotomic polynomial
The polynomial

is called the nth Cyclotomic polynomial. This polynomial has degree ¢(n).
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Definitions and Preliminaries

Primitive divisor
We say that a prime p | U, is a primitive divisor of U, if p{ U; for t < n
and p{r? + 4s.
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Definitions and Preliminaries

Preliminaries

There exists a very useful relationship between primitive divisors of Lucas
sequences and Cyclotomic polynomials, which is proved in a paper by Bilu,
Hanrot and Voutier. We state this as a lemma.

We note that here, o, indicate the exponent at which p appears in the
factorisation of U}, while P(ng) denotes the largest prime factor of no.

1. (of-Bf _ n/m _ pn/m
Let m | n. Denote by U; = o5 ) » where a; = o™ and By = Bnm,
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Definitions and Preliminaries

Lemma
Forn>4,n¢ {6,12},

H por = q)”(a?B)
(5 ?
PP Uy
p primitive
where § € {2, P(ng)} and ®,(«, B) is the specialisation of the
homogenization ®,(X,Y) of the nth cyclotomic polynomial ®,(X) in the

pair (c, B).
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Definitions and Preliminaries

We consider a version of the Primitive Divisor Theorem which is attributed
to Zsigmondy.
Theorem

If the roots of the characteristic polynomial of {U,}n>o are coprime
positive integers and if n > 6, then U, has a primitive divisor.
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Definitions and Preliminaries

It was established by Carmichael that for & and 3 real and n not equal to

1, 2, 3, 4 and 6, the the Lucas numbers, U, = 2"—B" have one or more

a=p
primitive divisors excluding n =12, r =1 and s = —1 (for the
characteristic polynomial
FIX)=X2—rX —s=(X—a)(X—p)).

Carmichael’s result is in essence an extension of Zsigmondy's theorem.
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Definitions and Preliminaries

Bilu, Hanrot and Voutier settled the problem in the case where the roots
are complex nonreal by proving that for n > 30, every Lucas number has a
primitive divisor.
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Further relevant notions and preliminary results

Linear forms in logarithms

A. Baker provided an effective lower bound on the absolute value of a
nonzero linear form in logarithms of algebraic numbers; that is, for a
nonzero expression of the form

n
Z b log «j,
i=1

for as,...,a, algebraic numbers and by, ..., b, are integers. His findings
ushered in the dawn of a new era in the effective resolution of Diophantine
equations of certain types. Such Diophantine equations can be reduced to
exponential ones; i.e., where the unknown variables are in the exponents.
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Further relevant notions and preliminary results

The height and logarithmic height of an algebraic number
Let a be an algebraic number of degree d. We let

d

Fx) =Y aix? " e Z[X].

i=0
be the minimal polynomial of o with ag > 0 and (ao, ..., aq) = 1. Putting

H(a) :== max{|aj| : i =0,...,d}, we let it denote the height of a. We
now write

where & = o). The logarithmic height of « is

d
1 .
h(a) = — <|og|ao\ +) " log max{|al)], 1}) .

i=1
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Further relevant notions and preliminary results

Sieves

A sieve is basically an inclusion-exclusion argument. Many results in the

theory of primes can be proved using sieves.

The next lemma follows easily from the Brun-Titchmarsh inequality given
by Montgomery and Vaughan since 7(1;q,/) = 0 and

w(y;q,1) <w(y+1;q,1) —7w(1;q,!). Note that w(y; g, /) stands for the

number of primes p <y and p =/ (mod q).

Mark Sias (University of Johannesburg) SAMS 2022, Stellenbosch University Today 20 /46



Further relevant notions and preliminary results

Lemma
Let g be a positive integer, | be coprime to q and y > q. Then
2y

: ———~  — and w(2y; — 7y o
D = Sgioglyq) M @D D S Sgriogh a)
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Further relevant notions and preliminary results

The abc conjecture

Lemma
Let € > 0. There exists a constant k. depending only on € such that given
pairwise coprime positive integers a, b, c with a+ b = ¢, we have

¢ < ke -y(abc) e
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Further relevant notions and preliminary results

Primes in arithmetic progressions

The next lemma is derived from the work of Bennet et al.
Lemma
Let m be either a prime < 30 or m € {8,9,12,16,24}. Then

y
a(y;ml)+a(y;m-1)< —— 2+
( )+l ) ¢(m)logy log y

Also,

m(y;12,1) + 7(y; 12,7) < §
@

5
2 fi > 1.
(12)logy < * |ogy> oy

for y > 1.
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The Proof: products of factorials (real and non-real roots)

The toolbox: a series of lemmas

In the present section we embark on the proof of the main theorem, which
we will state formally.

Mark Sias (University of Johannesburg) SAMS 2022, Stellenbosch University Today 24 / 46



The Proof: products of factorials (real and non-real roots)

Theorem

The equation

Uy=xmi!my!---mi! where k>1 and 1<m <mp<---<my,
implies n < 62000. When «, ( are real, then n € {1,2,3,4,6,12}.

The equation V, = £miImy! - my, 1<m <mp<--- < my,
implies n =2 or n is odd and n < 31000. Further, n € {1,2,3} when «, 3
are real.
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The Proof: products of factorials (real and non-real roots)

For a positive integer m, let qo := qo(m) be the least odd prime divisor of
m. We make the convention that gp := 1 if m is a power of 2. Let
n:=mn(m)=0if mis odd and 1 if m is even. Note that m =~

(mod 2) = 2" (mod 2). Put 7o :=v/(2"q0). We shall assume that m > 4
whenever m is a power of 2.
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The Proof: products of factorials (real and non-real roots)

Lemma

Let m be a positive integer. We have

08 (0 5) = (m) oo + S () og 1~ (

Putting x = 3/« we have

sy
~
a3

( m
log ‘1 + x2
14 x2d 1+ x2d
g log | ———— E lo -
1 4 x 2909 1 4 x 209
mi ) u(d)=1 u(d)=—1
Zﬂ(d) IOgll_Xd ) dho d|o
m m
dly 1— xd 1—xd
E log | ——=| — E . log N
_ d _ d
ud=1 1 =x® =g |1
dlo d|vo
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The Proof: products of factorials (real and non-real roots)

Lemma
Assume that o and (3 are real and |o| > |B|. Let m > 4. Then

log 2, for w(m) <1+ n,
log [®m(a, B)| = ¢(m)log|al = 4 yuim
Sz (log2qo),  for w(m) > 2+ 1.

(1)
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The Proof: products of factorials (real and non-real roots)

Lemma

Let o and 3 be complex conjugates with log|a| > 4. For t > 3, putting
t, := t/ gcd(t,2), we have

log |a* — 8*| > log |a| (t — 8(c1(t:) +0.02) log? t.) .
Furthermore,

log |a* + 8% > log |a| (t — 8(c1(t) + 0.02) log? t) .
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The Proof: products of factorials (real and non-real roots)

We will use the following consequence of the above lemma.

Lemma
Let « and 3 be complex conjugates with log |a| > 4. Then
t
1+ <5>
a
For t > 3, putting t. := t/ gcd(t,2), we have

log |af — B > log | (t — 44.72 (log t, + 2.36)% — 0.16(log t*)z) ,
and

log > —logla| for t=1,2.

log |a® + Bt > log || <t — 44.72 (log t + 2.36)? — 0.16(log t)2) .
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The Proof: products of factorials (real and non-real roots)

Lemma

Let « and 3 be complex conjugates with log|a| > 4. Let
f(t) := 44.88log? t +211.08 log t + 249.08.

fort > 1. Then

w(m)

l0g [Om(r, B)] > () log |o| — max {1, 22+} (F(m/2") log o + log 240)
(3)
Further, for m with 1 < w(m) < 6 + 1, we have

log |®m(ct; )] > (o(m) — £(m/27) — (m/2")gus(m)-1-1) log e

log 2, if w(m)<1l4mn; (4)
22;":]) log2qo, if w(m)>2+mn,
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The Proof: products of factorials (real and non-real roots)

The g,(m) is exhibited in the following table.

wim)—1—n |01 2 3 4 5
8uw(m)—n 0| 0] 0.0286 | 0.0598 | 0.0934 | 0.1238
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The Proof: products of factorials (real and non-real roots)

We next determine an upper bound for prime powers dividing a product of
factorials by invoking the two lemmas from Sieves and Primes in
arithmetic progressions.
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The Proof: products of factorials (real and non-real roots)

We assume F € PF is such that 7 > 1. Thus,
(5)

Fi=F(mi,my,...,mg):=mylmy!-- - my!

for some positive integers 1 < my < --- < my. Let ng be a positive integer
and let ag = —1if np # 12 and ag € {—1,7} if ng = 12. Define

Mpo(F) := log H p* | = Z aplogp.  (6)

p | P
p=l,ap (mod ngp) p=l,ap (mod ng)
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The Proof: products of factorials (real and non-real roots)

We employ analytic methods to establish an upper bound for Mp,(F) and
prove the following lemma.

Lemma

(a) For a positive integer ng > 30 and my > 3, we have

Mo (F) < A (1 + log log ng) (log F — 1.4 log my) . (7)
(o)

(b) Let D :={8,9,12,16,24} U{5 < p < 30: p prime}. For ng € D, we
have

2.2
90("0

Mno(F) <

] (log F — 1.41log my) . (8)
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The Proof: products of factorials (real and non-real roots)

Further for ng € {8,12}, we have

0.23log F when ng =8 and 7 < my < 17,
M (F) < < 0.3log F when ng = 8 and 17 < m < 47;  (9)
0.28 log F when ng = 12 and 7 < my < 16.
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Small values of n and infinitely many solutions

Lemma
Let N =my!---myl. Then v(N) = N°%) as N — oo.
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Small values of n and infinitely many solutions

Theorem

Let o, B be real. Then the first equation of the main theorem with

n € {2,3,4} has infinitely many solutions. Further under the abc
conjecture, this same equation with

n € {6,12} has only finitely many solutions. There are infinitely many
solutions of the second equation for real v, B and n € {1,2,3}.
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The X-coordinates of the Pell equation

We present a corollary regarding X-coordinates of Pell equations which are
in PF. For a positive integer d which is square-free, let (X,, Y;) be the
nth solution of the Pell equation X? — dY?2 = +1 in positive integers

(X, Y) (namely, the positive integers X, Y satisfy either X?> — dY? =1 or
X2 —dY? = -1).

Firstly, we provide a lemma.
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The X-coordinates of the Pell equation

Lemma
Let s e {—1,1} and r > 1. Then V, € PF with n > 1 implies

n=2:(r,s)=(2,1), Vo=3}
n=3:(r,s)=(1,1), Vz=2I2]; (10)
n=3:(r,s)=(3,1), Vz3=3I3L
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The X-coordinates of the Pell equation

Theorem

Let (Xn, Yn) be the nth solution in positive integers of the equation
X2 — dY? = 41 for some square-free integer d. Then X, € PF implies
n = 1. Similarly, let (W, Z,) be the nth solution in positive integers of
the equation

W? — dZ? = +4 for some square-free integer d. Then W, € PF implies
n =1 except for the cases (n,d) = (2,2), (3,5), (3,13) for which

Woh = 31, W3 = 2121 and W3 = 313!, respectively, with solutions

32 -2.42=4, (2121)2-5.22= -4 and (3!3)>-13-10* = —
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