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Preamble

(1) We perform the Lie symmetry analysis of the
generalized Lane-Emden-Klein-Gordon-Fock system of the form

d(v) n V(u)
P 0, Vit — Vir — 7Vr+ n

n
Utt—Urr_7Ur+ :07 (1)

(2) Eight cases arise for possible extension of the principal Lie
algebra, which in this case is one dimensional.

(3) Moreover, symmetry reduction is carried out.
(4) Concluding remarks
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Introduction

In [1], the authors, studied the coupled hyperbolic Lane-Emden system
un—u,,—gu,+vq:0, vﬁ—v,,—gv,qtupzo, (2)

with n # 0. The authors in [1] investigated both Lie and Noether point

symmetries classification of (2) with the arbitrary constants

p,q ¢ {0,1} so as to bring truly nonlinearity to the system.

Motivated by the work in [1], we study the generalized Lane-Emden-

Klein-Fock system of the form

n d(v n V(u
Utt_Urr—rUr‘f'fn):Ov Vtt_Vrr—7Vr+ f(”)

=0, (3
where ®(v), W(u) are non-zero arbitrary functions
of v and u respectively.
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The parameter nis assumed that it is different from 0. In fact, if we
take n = 0, system (3) can be obtained from [2],

under the complex transformation (x, y, u, v) — (t,ir, u, v)

into the original variables of the aforementioned reference.
Systems (2) and (3) can also be considered as

natural two-component extension of the nonlinear wave equation:
n P
Ut — Upr — 7Ur —u" =0, (4)

where u = u(t, r) is a real-valued function, p symbolizes the
interaction power and (t, r) denote time and radial coordinates
respectively in n # 0 dimensions. Systems (2) and (3)

are commonly encountered in many physical phenomena,

see for example [1, 3, 4, 5, 7, 8] and reference therein.
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In this talk we perform the Lie symmetry analysis of

the generalized Lane-Emden-Klein-Gordon-Fock system, namely

n d(v)
Uﬁ—Urr—7Ur+T:O,

n V(u
Vit — Vir — rVr+£n) =0,

where ®(v) and W(u) are arbitrary functions of v and u respectively.
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Equivalence transformations

In this section we determine the equivalence transformations [6]

of system (2)-(3). The generator

+77(Z‘ruv)8

0
2
+&°(t,r,u,v) 50

0
y = ¢ -
£(t7r7uﬂv)at 0

0 0
2 o v
+n (z‘,r,u,v)a +u(t,r,u,v,¢,lll)8¢
0
(truvd>\|l)8w (5)

is said to be the generator of the equivalence group of (3) provided

it is admitted by the extended system [9, 10]

¢(V) V()

=0 @)
®p=d, =, =0, Wt:\ur:wvzo' (7)

Ug — Upr

=0, vt — Vrr
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The prolongation of the generator (5) for the extended

system (6)-(7) is

< 0 0 5 0 0 0
Y=YB 4w — tu] — tu F i+ + WP
R R TR P b TR
(8)
where Y[ is the second-prolongation of (5 ) given by
0
2 _ i i 1
Y Y+Cta +Craur+4t 8V +Cr8v,+<”0un
0 .0 5,0
+<rr aUrr + Cttavﬁ + Crravrr + :

Here the variables (’s and w’s are defined by the prologation formlae

¢ = Din'")— uD(€") — urDy(€7),
Cr1 = Dr(771) - UtDr(§1) - UrDr(fz)v
¢ = Di(n?)— wviDi(&") — viDy(€7),
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Crz = Dr(n 2) —vtDr(€ )— VrDr(ﬁz),

Gt = Di(¢])— unDi(€ )— Uy Dy(€2),

Gr = Di(¢) = urDr(€") — unDr(€3),

GG = Di(¢F) — vaDi(€ )— v Di(£2),

Crzr = Dr( )— VtrDr( )— Verr(§ )

and

wi = Di(p") — ¢:De(€") — prDy(€%) — puDr(n").
w} = Dr(u') — ¢:Dr(€") — 6D (%) — puDr(n"),
wy = Du(p") = 6:Du(€") — ¢rDu(€?) — duDu(n"),
wf = Dy(1®) — iDy(€") — ¥rDi(€3) — vy (1),
w? = Dr(u®) — ¢Dr(€") — ¥ DH(E%) — vy Dr(1?),
w? = Dy(1?) — Dy (") — D (€3) — vy Dy (1),

respectively, where
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=2 w2 vl

t=9t Y0 T iy

Dy = 6+ua+v8+~
ar " Tou " Tov ’

are the usual total differentiation operators and

D; = 8+(f)taa¢+wta¢ -
D, = 8 5, or 8¢+1/1r 5o T
D, = 5 +¢u8‘9¢+wu£p -
D, = a +¢vaa¢+¢vagj/} -

are the new total differentiation operators for the extended system.
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The invocation of the generator (8) and the invariance

conditions of system (6)-(7) yields the following equivalence

generators:
0 0 0
X1_a7 XZ_%7 Xs_aa
0 0 0 0
0 0 0 0
Xe = ta + "o +(n— 2)d>8—¢ +(n 2)\Ila—w,
Xp= 2 060 [Ny 0

or r 0 r oV
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Consequently, the one-parameter group of equivalence

transformations corresponding to each operator is

X t=aj+t, r=ri=uv=v, d=0 U=y,
X2 ?:t,?:r,u:u—f—az,V:V,&):¢7\DZ\U,
Xs . I=t TFT=r,U=u v=v+a;, =0, U=y,
X,  t=t,F=r, U=ue® v=v, d=0e% U=V,
Xs : =t F=r,U=u, v=ve® &=0V=ued
X5 T=te?® F=re® t=u v=v, d=0pel"2¥b y=yeln—2)a
< - - - = )
X7 t:t,r:r+a7,u:u,v:v,d):(r_|_a7)nﬁ,
v
\U:(I‘—I—a7)nﬁ
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The composition of these transformations gives

t = e%(t+ay),

r = e*(r+ay),

u = e*(u+ a),

v = e5(v+a),

® — ea4—|—(n—2)a¢5 [(I’—i— a7)nr—nq>]7

U — e&t(n-2)a [(I’—i— a7)nr—nw]‘ (9)
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Principal Lie Algebra and Group classification

Following the classical approach of group classification [10],

system (3) is invariant under the group with the generator

0 0 0
_ 2
X = ¢ (t,r,u,v)at+§ (t,r,u, v)a +n'(t, r,u, v)8u
0
+n2(ta r,u, V)m7 (10)
if and only if
Xt <Utt—Urr—Ur+(nV):0> =0,
r 3)
X[z] <Vtt—Vrr—nVr+ (,l;l) :0> =0. (11)
r r 3)
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The expansion of (11) and separate the monomials give rise

to linear overdetermined system of partial differential equations:

€=0,8=0,6,=0,¢=0, 1,,=0,n, =0,

w=0, ny=0n,=0 &-¢ =0 ¢-&=0,

& - &+ el + 201, =0, 5?,—£§—9£?+,%£2—2n2u=0,

g (V) P — n
r

1 1 _
77/’ r(n+1)§ _(

v gt
n
Mow = 0,75y = 0, 7y = 0, mie =0, mir = 0, & = &g+ & + 2 =
n n n
€r— & 206 + 58+ 16 - 2n3r =0,

f g 29 () ,
M= — o — o+ el — e+ Syt o (1:

n f
1 1 1 1
Mt — Nrer — 777r - ﬁnu n
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Solving the above system of partial differential equations for
arbitrary ®(v) and ¥ (u), we conclude that the system (3)

admits the one-dimensional principal Lie algebra spanned by

0
X1 - 57
and the classify relations are given by
(0u+0)W'(u) + BY(u) + =0, (13)
AV + ) (V) + 70(V) +w = 0, (14)

where «, 3,7, 6,0, 7, A and w are constants. The aforementioned
classifying relations are invariant under the equivalence

transformations (9) if
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The invocation of the classifying relations(13) prompted the
following cases for the functional forms of the arbitrary elements
®(v), V(u) and n together with the their associated

extra generators. We present these results in Table 1.

Table: Classification results: a, b, d, k, m, n, \, p, q are constants with p, g # 0,
arb=arbitrary

®(v) arbitrary, W(u) arbitrary narb Xy =0
o(v) arbitrary, W(u) arbitrary n=2 Xy =0
Xo = tﬁ + r2
270t or
d(v) = avP, V(u) = bul, narb ab,p,q#0

This case reduces to the system in [1].
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®(v) =av_ ', V(u) arbittary narb a#0

X1 =04,

Xo = v(n—Z)% - t% - r%

®(v) arbitrary, V(u) = bu~" narb b#0
X1 = 0,

Xo = u(n—Z)% - t% —r%
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o(v)=av,V(u)=bu, narb ab+#0

X1:afa

0
Xo = —
2 8U’
X:ungv2
8 Yoy o',
X4 =av— —
4 =avy +bu8v’

X5 = aHa—u + [nr”_1 Hy + r"Hy — r"Hy]| %
where H(t, r) is any solution of partial differential equation
br3(ci + aH) + [4r2"n? — 2r2"n® — 2r2"n| H; — r2" 3 Hyy,
+[3r2" ' n — 5r2M N2 | Hyy — 4r2"2nHp, — r2M3 Hyy

+ [2r2”+1 n? — ran+i I’I] Hy + 4r2”+2nHm + 2r2n+3 Hyr =0
and ¢y is an arbitrary constant.
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o(v)=av,V(u)=bu, n=2 ab#0

Xy =0,
0
%= 5y
X: :ungv—
8= You " Tov
X :av—eruE
4 ou v’
0 0
Xs =t + r—,
81‘6 or 9 9 9
_ v Y2 2\ Y il
X6_2tu8u+2w8v (¢ +r)8t 2trar

X7 = aHa% + [2rH; + rPHy — r®Hy) aav’

where H(t, r) satisfies the partial differential equation

b(cy + aH) — 4rH, — 14r2Hy;, — 8r3Hyr — r*Hypr + 6r2Hy + 8r3 Hy,
—r*Hittt + 2r*Hygr = 0

and ¢, is an arbitrary constant.
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d(v)=de ™, V¥(u)=ke @ narb ad k\#0

X1 =0y,

0 0 0 0
Xo = A(n— 2)6— +a(n— 2)5 — Aal‘a Aara.
o(v)=mvP, V(u)=ke 2 narb apk,m#0
X1 = 0,

d 0 9] s,
Xo = va(n— 2)5 —(p+1)(n- 2)8— + pal‘a par.
o(v)=de M, VW(u)=kud narb N\ d,k#0
X1 = 0,

9, 9, 9] %,
Xo = uA(n— 2)% —(q+1)(n- 2)8— + )\qtat + )\qra.
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Symmetry reduction of system (3)

This section aims to transform system (3) into a system of
ordinary differential equations through the invariant surface
condition[11], page 169 by making use of some of the
generators obtained in Table 1. First we begin with the generator
X = 0 with arbitrary ®(v)and V(u) and we get the two

general group invariant solutions of system (3) as

U(t,r):gf)(r),V(t,f):l/)(r), (15)
where ¢(r) and (r) satisfy the ordinary differential system
1 n o X _ " ’l I 3 _
¢+7¢ rn—O,z/J +r1/1 r"_o’ (16)
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Other general group invariant solution of system (3) will
. 0 0 o .
be obtained from the generator X, = v(n — 2)a — ta T with
®(v) = av—" and V(u) arbitrary. Here we obtain these invariants
u(t,r) = ¢(2), v(t,r) = r "2y (2), (17)
with the similarity variable z = {. Substituting the values of u and v

into system (3) we get
(22— 1)¢" — (n—2)z¢/ — 2 =0,
(18)

{ (22 = 1) +(n=2)z¢/ — (n—2)y + ¢ = 0.
Thus, we conclude that
u(t,r) = ¢(z), v(t,r) = r " Dy(2), (19)

is a general group invariant solution of system (3) where

¢ and ¢ are any solutions of (18).
06-08 December 2022 23/28
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We now work with the generator

0 0 0 0
Xo = A\(n— 2)% +a(n— 2)8 >\az‘a )\arE
with ®(v) = de™V, ¥(u) = ke~3 and we

obtain the three invariants

z:% u(t.r) = ¢(Z)+nlr;(r)_2lr;(r)7
nin(r)  2In(r)
vit.n) =u(2) + 2 - =

Invoking these invariants, system (3) transforms to

(22— 1)¢" — (n—2)z¢/ — de~¢ — (=2N=1) _

_ —2)(n—1
(22 =) — (n—2)zy/ — ke~av — (P=2ANT)

NEEHRVIVEGEIETERAAN o TlIEL WAL Symmetry analysis of a coupled system of dif

06-08 December 2022

(22)

24/28



Consequently, the general group invariant solution of system (3) is

| 21
u(t, r) = ¢(z) + 1) _ 20
v(t,r) = p(z) + 200 20, (23)

where ¢ and ) are any solutions of the ordinary differential system
(22). The other general group invariants of system (3) can also be
deduced in a similar manner.
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Concluding remarks

We have carried out Lie group classification of the generalized
Lane-Emden-Klein-Gordon-Fock system with central symmetry (3),
from the point of view of classical Lie symmetry analysis.

We found the non-equivalent forms of the functions ®(v) and W(u) for
which the one dimensional principal Lie algebra extends.

Some general group invariant solutions for the underlying system were
constructed. It is anticipated that the results obtained in this work
could be of great help in finding the solution of system (3)

explicitly.
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Thank you for your attention
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