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Introduction

Introduction

The mathematical foundations of iterated function system (IFS),
were laid down in 1981 by Hutchinson [1]. He proved that the
Hutchinson operator defined on R* has as a fixed point, a set in
R¥ which is closed and bounded, known as an attractor of IFS [2]

1J. Hutchinson, Fractals and self-similarity. Indiana Univ. J. Math, 30(5)
(1981), 713-747

2T. Nazir, S. Silverstrov, M. Abbas, Fractals of generalized F-Hutchinson
operator. Waves Wavelets Fractals Adv. Anal, 2 (2016), 29-40.
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Introduction

In this talk, we construct some new common attractors with the
assistance of generalized Hutchinson contractive operator, defined
on a complete partial metric space. We observe that this
(Hutchinson) operator is itself a generalized contractive mapping
on a finite family of compact subsets of a space say Y. By
successive application of a generalized Hutchinson operator, a final
fractal 1] is obtained. This shall be followed by a presentation of a
nontrivial example in support of the proven results.

IM.F. Barnsley, Fractals Everywhere, 2nd ed. Academic Press, San Diego,
CA (1993).
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Preliminaries

Preliminaries

Definition 1.1. [1]. A partial metric on a non-empty set Y is a
mapping p: Y x Y — RT with the following properties:

(p1) p(z1,21) = p(z1,22) = p(22, 2), if and only if z; = z,
(p2) p(z1,21) < p(21, 22),

(p3) p(z1,22) = p(22,21),

(pa) p(z1,22) < p(z1,23) + p(z3, 22) — P(23, z3),

for all z1, 22,23 € Y. The pair (Y, p) consisting of the set Y and
the partial metric p, is called a partial metric space.

!S. G. Matthews, Partial metric topology, In: Proceedings ofthe 8th
Summer Conference on General Topology and Applications. Annals of New
York Academy of Sciences, 728 (1994), 183-197
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Example 1.2.[1]

A pair (RT, p), with p: R™ x RT — R™ defined by
p(z1,22) = max{z, z} for all z1,z, € RT is an example of a
partial metric space.

Definition 1.3.[23] Consider a partial metric space (Y, p). Then

(i) {zk} is called a Cauchy sequence in Y if lim p(z,z,)
k,n—+o00

exists and is finite.
(i) (Y,p) is said to be complete if every Cauchy sequence {zx} in
Y converges to a point z € Y such that
p(z.2) = lim p(zi,z).
k—+4o00

'H. Aydi, M. Abbas and C. Vetro, Partial Hausdorff metric and Nadler’s
fixed point theorem on partial metric spaces, Topology Appl., 159 (2012),
3234-3242.

2S. G. Matthews, Partial metric topology, In: Proceedings of the 8th
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Preliminaries

Definition 1.4. [1] Let (Y, p) be a partial metric space and
CP C Y. Then CP is said to be compact if every sequence {v,} in
CP contains a subsequence {vj,, } which converges to a point in CP.

(1] In a partial metric space (Y, p), let CP(Y) denote the set of all
non-empty compact subsets of Y. For M, N € CP(Y), let

Hp(M, N) = max{sup p(n, M), sup p(u,N)},
neN

HEM

'H. Aydi, M. Abbas and C. Vetro, Partial Hausdorff metric and Nadler's
fixed point theorem on partial metric spaces, Topology Appl., 159 (2012),
3234-3242.

1H. Aydi, M. Abbas and C. Vetro, Partial Hausdorff metric and Nadler's
fixed point theorem on partial metric spaces, Topology Appl., 159 (2012),
3234-3242.
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Preliminaries

where p(z, M) = inf{p(z, ) : p € M} is a measure of how far a
point z is from the set M. Such a mapping H, is referred to as
the Pompeiu-Hausdorff metric induced by the partial metric p.
(CP(Y), Hp) is a complete partial metric space, provided (Y, p) is
a complete partial metric space.

V. Makhoshi*, M. Khumalo, T. Nazir UNISA, South Africa
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Preliminaries

Proposition 1.5. Let (Y, p) be a partial metric space. Then for
all L, M, N € cP(Y),

(a) Hp(L, L) < Hp(L£, M),
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Preliminaries

Proposition 1.5. Let (Y, p) be a partial metric space. Then for
all L, M, N € cP(Y),

(a) Hp(L, L) < Hp(L, M),
(b) HP(‘CvM) = HP(M’£)7
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Preliminaries

Proposition 1.5. Let (Y, p) be a partial metric space. Then for
all L, M, N € CP(Y),

(a) Hp(L, L) < Hp(L, M),

(b) Hp(ﬁvM) = HP(M7£)7

() Hp(L, M) < Hp(L,N) + Hp(N', M) — infyep p(n, m)-
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Preliminaries

Proposition 1.5. Let (Y, p) be a partial metric space. Then for
all L, M, N € CP(Y),

(a) Hp(L, L) < Hp(L, M),

(b) Hp(ﬁvM) = HP(M7£)7

() Hp(L, M) < Hp(L,N) + Hp(N', M) — infyep p(n, m)-
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Theorem 1.6. [ In a complete partial metric space (Y, p), let
h:Y — Y be a contraction mapping such that, for any A € [0,1),

p (th, hZQ) < )\P(Zlv 22)7

is true for all z;,zo € Y. Then there exists a unique fixed point u
of hin Y and for every vy in Y, the sequence {vo, hvo, h?vp, ...}
converges to the fixed point u of h.

!S. G. Matthews, Partial metric topology, In: Proceedings of the 8th
Summer Conference on General Topology and Applications. Annals of New
York Academy of Sciences, 728 (1994), 183-197.
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Theorem 1.7. Consider a partial metric space (Y, p). Let

{hx : k=1,2,...,r} be a finite collection of contraction mappings
on Y with contraction constants A1, A2, ..., A,, respectively. Define
V:CP(Y)— CP(Y) by

Y(M) = h(M)Uh(M)U---Uh( M)
= U’l;:lhk(M)a

for each M € CP(Y'). Then WV is a contraction mapping on CP(Y')
with contraction constant A = max{A1, A2, ..., A/}

V. Makhoshi*, M. Khumalo, T. Nazir UNISA, South Africa Generalized IFS for Common Attractors in PMS
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Definition 1.8.[1] Let (Y, p) be a complete partial metric space. If
hg: Y = Y, foreach k = 1,2, ..., r are contraction mappings,
then {Y; h,k =1,2,--- ,r} is called an iterated function
system (IFS).

1T. Nazir, S. Silverstrov and M. Abbas, Fractals of generalized
F-Hutchinson operator, Waves Wavelets Fractals Adv.-Anals; 2 (2016),29-40:
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Definition 1.9. [l Let M C Y be a non-empty compact set, then
M is an attractor of the IFS if

(i) V(M) =M and

(ii) there exist an open set Vi C Y such that M C V; and
) “T WK(N) = M for any compact set N C Vj, where the
—+00

limit is taken with respect to the partial Hausdorff metric.

The maximal open set Vi such that (ii) is satisfied is called a basin
of attraction.

1T. Nazir, S. Silverstrov and M. Abbas, Fractals of generalized
F-Hutchinson operator, Waves Wavelets Fractals Adv.-Anals; 2 (2016),29-40:
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Generalized iterated function system

Generalized iterated function system

Definition 2.1. Let (Y, p) be a partial metric space and
h,g:Y — Y be two mappings. A pair (h,g) is called a
generalized contraction if
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Generalized iterated function system

Generalized iterated function system

Definition 2.1. Let (Y, p) be a partial metric space and
h,g:Y — Y be two mappings. A pair (h,g) is called a
generalized contraction if

p(hzy,820) < Ap(z1, 20)

for all z1,z, € Y, where X € [0,1).
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Generalized iterated function system

Theorem 2.2. Let (Y, p) be a partial metric space and
h,g:Y — Y be two continuous mappings. If the pair (h,g) is a
generalized contraction with A € [0,1), then

(1) the elements in CP(Y') are mapped to elements in CP(Y)
under h and g;

(2) if for any U € CP(Y'), the mappings h,g : CP(Y) — CP(Y)
defined as

h(U) = {h(z):z € U} and
g(U) = {g(z):2c U},

then the pair (h, g) is a generalized contraction on
(CP(Y), Hp).

V. Makhoshi*, M. Khumalo, T. Nazir UNISA, South Africa
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Generalized iterated function system

Proposition 2.3. In a partial metric space (Y, p), suppose the
mappings hg,gx 1 Y — Y for k=1,2,---  r are continuous and
satisfy

p(hkz1,8k22) < Mkp(z1,22) forall zi,z €Y,

where A\ € [0,1) for each k € {1,2,---,r}. Then the mappings
V., :CP(Y) — CP(Y) defined as

V() = m(U)Uh(U)U---Uh (V)
= Uj_1hx(U) for each U € CP(Y)

and

V. Makhoshi*, M. Khumalo, T. Nazir UNISA, South Africa Generalized IFS for Common Attractors in PMS



Generalized iterated function system

o(V) = a(V)Ug(V)u---Ugl(V)
= Uj_18«(V) for each V € CP(Y)

also satisfy

Hy (WU, ®V) < XH, (U, V) for all U, V € CP(Y),

where \ = max{Ax : k € {1,2,...,r}}. The pair (V,®) is a
generalized contraction on CP ().
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Definition 2.4. In a partial metric space (Y, p) with the
mappings WV, ® : CP(Y) — CP(Y), a pair of mappings (V,®) is
called

(1) a generalized Hutchinson contractive operator if a
constant A € [0,1) exists such that for any M, N € CP(Y),
the following holds:

Hp (W (M), (N)) < Ay o(M,N),

where
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Generalized iterated function system

Definition 2.4. In a partial metric space (Y, p) with the

mappings WV, ® : CP(Y) — CP(Y), a pair of mappings (V,®) is

called

(1) a generalized Hutchinson contractive operator if a
constant A € [0, 1) exists such that for any M, N € CP(Y),
the following holds:

Hp (W (M), (N)) < Ay o(M,N),
where
Z\IJ,dD(M’N) = max{Hp(M,N), HP(M7 v (M)),

HP(N7 ¢ (N))7

Hop(M, ® (N)) 4+ Hp(N, W (M))}
. .
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Generalized iterated function system

(2) a generalized rational Hutchinson contractive operator if
a constant A\, € [0, 1) exists such that for any
M, N € CP(Y), the following holds:

HP (\U (M),CD (N)) < )\*R\IJ,CID(M?N)a

where
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Generalized iterated function system

(2) a generalized rational Hutchinson contractive operator if
a constant A\, € [0, 1) exists such that for any
M, N € CP(Y), the following holds:

HP (\U (M),CD (N)) < )\*R\U,QD(M?N)a

where
Hp(M, ® (N))[1 + Hp(M, W (M
RuolMA) = [ RGO AUV
Hp(NV, @ (NV))[1 + Hp(M, W(M))]
1+ H, (M, N) ’
Hp(M, N)[1 + Hp(M, ¥ (M))] }
1+ Hp(M,N) '
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Main results

Main results

Theorem 3.1. Let (Y, p) be a complete partial metric space
and {Y; (hx,8k),k =1,2,--- ,r} be a generalized iterated
function system. Let W, ® : CP(Y) — CP(Y) be defined by

V(M) = Uiz (M),

and

O(N) = Uiz18x(V)

for each M, N € CP(Y). If the pair (W, ®) is a generalized
Hutchinson contractive operator, then W and ¢ have a unique
common attractor Uy € CP(Y), that is,

U=V (U) = (Uh).
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Furthermore, for an arbitrarily chosen initial set Mg € CP(Y), the
sequence

{Mo, ¥ (Mp),dV (Mp) , VoV (Mo),...}

of compact sets converges to the common attractor U; of W and
o.
Proof. See [1]

M. Khumalo, T. Nazir, V. Makhoshi, Generalized iterated function system
for common attractors in partial metric spaces, AIMS Mathematics, 7(7)
(2022) 13074-13103.
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Main results

Theorem 3.2. (Generalized Collage) Let (Y, p) be a complete
partial metric space. For a given generalized iterated function
system {Y; h1, ha..., h;; g1, &...., &} which have contractive
constant A € [0,1) and for a given £ > 0, if for any M € CP(Y),
we have either

Hp(M, ¥(M)) <,

or
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Hp(M, ®(M)) <,
where W(M) = U _, he(M) and &(M) = U} _;g«x(M). Then,

e
1—

HP(M> Ul) S

I

>

where U; € CP(Y) is a common attractor of Wand ¢.
Proof. See 1l

M. Khumalo, T. Nazir, V. Makhoshi, Generalized iterated function system
for common attractors in partial metric spaces, AIMS Mathematics, 7(7)
(2022) 13074-13103.
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Remark 3.3. If we take in Theorem 3.1, SP(Y) the collection of
all singleton subsets of the given space Y, then SP(Y) C CP(Y).
Furthermore, if we take a pair of mappings (hk, gx) = (h, g) for
each k, where h = h; and g = gy then the pair of operators (V, ®)
becomes

(V(21), ¢ (22)) = (h(z1), g (22))-

Consequently, the following common fixed point result is obtained.
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Corollary 3.4. Suppose {Y; (hk,8x),k=1,2,--- ,r}is a
generalized iterated function system defined in a complete partial
metric space (Y, p) and define a pair of mappings h,g: Y — Y as
in Remark 3.3. If some A € [0, 1) exists such that for any

z1,2» € Y, the following condition holds:

p (hz1,820) < AZpg(21, 22),
where

Zhg(z1,22) = max{p(z1,z), p(z1, hz1), p(22, 822),
p(z1,822) + p(2z2, hz1)
2 b
Then h and g have a unique common fixed point u € Y.
Furthermore, for any ug € Y, the sequence
{up, huy, ghug, hghug, - - - } converges to the common fixed point of

V. Makhoshi*, M. Khumalo, T. Nazir UNISA, South Africa Generalized IFS for Common Attractors in PMS
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Corollary 3.5. Let {Y;(hk,gx),k=1,2,---,r} be a generalized
iterated function system defined in a complete partial metric space
(Y,p) and (hk, gk) for k =1,2,...,r be a pair of generalized
contractive self-mappings on Y. Then the pair

(V,®) : CP(Y) — CP(Y) defined in Theorem 3.1 has a unique
common attractor in CP (Y). Furthermore, for any initial set

Mo € CP(Y), the sequence { Mg, PV (My), VOV (My),--- } of
compact sets converges to the common attractor of both W and .
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Example 3.6. Let Y = [0,10] be endowed with the partial
metric p: Y x Y — RT defined by

1 1
p(z1,22) = 5 max{z, zo} + Z!zl — zo| forall z;,z € Y.

Define hl, h .Y =Y as

h(z) = 103_Zforallz€ Y,

hy(z) = 164_zfora||z€Y
and g1,8: Y — Y as

g(z) = 15;Zforallz€Y,

g(2) = 21_4fora||z€ Y.
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NOW’ for 21722 S Y’ we have

1 10—2 15—
p(h(z1).81(2)) = 2max{ 03217 5322}
1 10721 15*22
’ 4’ 3 3
f— % |:; max{].o — 217 ]_5 _ 22}
1
+ 41(10_21)_(15“2)@

< )\1[.7 (Zla 22) ;
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where \1 = =

Also, for z1,zp € Y, we have

p(h2(z1), 8 (22))

where A = —

V. Makhoshi*

, M. Khumalo, T. Nazir UNISA, South Africa

1
— max
2

1‘16—21

16 —z1 0+ 4
4 7 4
22—|-4‘

4| 4

1
[2 max{16 — z;,z, + 4}

e

(16— 21) — (2 +4)|]

Xop (z1,22),

N~

Generalized IFS for Common Attractors in PMS



Main results

Consider the generalized iterated function system
{Y;i(h1,81). (h2, &)} with the mappings W, : CP (Y) — CP(Y)
given as
(W, ) (U) = (h1,81) (U) U (h2,8) (U) for all U € CP(Y).
By Proposition 2.3, for M, N € CP(Y'), we have
Hp (W (M), ® (N)) < A*H,p (M, N),

374 3
are satisfied. Moreover, for any initial set Mg € CP(Y), the
sequence

11 1
where \* = max<{ = } = —. Thus, all conditions of Corollary 3.5

{MOa v (MO) ) oV (MO) ) vow (MO) )t }

of compact sets is convergent and has a limit point which is the
common attractor of W and $. []
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Theorem 3.7. Consider a complete partial metric space (Y, p)
and the generalized iterated function system given as
{Y;:(hx,gk), k=1,2,--- ,r}. Let W, ®: CP(Y) — CP(Y) be
defined by

W(M) = Up_y hi(M)

and

(N) = Ui18c(V),

for each M, N € CP(Y). If the pair (W, ®d) is generalized rational
Hutchinson contractive operator, then W and ® have a unique
common attractor U; € CP(Y), that is,

U=V (V) = (Uh).
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Furthermore, for arbitrarily chosen initial set Mg € CP(Y), the
sequence

{M0> v (MO) ) oV (MO) ) vow (MO) )T }

of compact sets converges to a common attractor U;.
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Corollary 3.8. Consider a generalized iterated function system
{Y;hi, g,k =1,2,--- ,r} on a complete partial metric space
(Y, p) and the mappings h,g : Y — Y as given in Remark 3.3. If
there exists A, € [0,1) such that for any z;,z, € Y, the following
condition holds:

P (th, gZZ) < )\*Rh,g(zb 22)7

where
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p(z1,822)[1 + p(z1, hz1)]
Ruslanz) = man{ PEEE D00
p(22,822)[1 + p(z1, hz1)]
1+ P(Zl, 22)
p(z1, 22)[1 + p(z1, hz1)] }
1+ P(Zl, 22) '

Then a unique common fixed point for h and g exists.
Furthermore, for any initial choice of vy € Y, the sequence

{wo, hvy, ghvo, hghvy, ...} converges to the common fixed point of h
and g.
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Well-posedness

Well-posedness of Common attractor based problem

Definition 4.1. [l A common attractor-based problem of a pair of
mappings ¥, ® : CP(Y) — CP(Y) is said to be well-posed if the
pair (V, ®) has a unique common attractor A, € CP(Y) and for
any sequence {Ax} in CP(Y) such that kEToo Ho(W(Ak),A) =0

d lim Hy(®(Ak),Nx) =0, th
an kJ)TOO P( ( k)a k) , then

lim Hy(Ae, A = Ho(A AL, that is,  lim Ay = A,
k—+4o00

li
k—+400

M. A. Kutbi, A. Latif and T. Nazir, Generalized rational contractions in
semi metric spaces via iterated function system, RACSAM, 114:187 (2020),
1-16.
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Well-posedness

Theorem 4.2. Let (Y, p) be a complete partial metric space
and V,® : CP(Y) — CP(Y) be defined as in Theorem 3.1. Then
the pair (W, ®) has a well-posed common attractor-based problem.
Proof. See [1]

Theorem 4.3.  Consider a complete partial metric space (Y, p)
with W, & : CP(Y) — CP(Y') defined as in Theorem 3.7. Then the
pair (W, ®) has a well-posed common attractor-based problem.
Proof. See [1]

M. Khumalo, T. Nazir, V. Makhoshi, Generalized iterated function system
for common attractors in partial metric spaces, AIMS Mathematics, 7(7)
(2022) 13074-13103.

1
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Application to Functional Equations

Application to Functional Equations

In this section, we apply our obtained results to solve a functional
equation arising in the dynamic programming.

Let Wi and W; be two Banach spaces with U C W; and V C Ws.
Suppose that

k:UxV — U, g1, UxV —R, hy,h: UxVXR —R.

If we consider U and V as the state and decision spaces
respectively, then the problem of dynamic programming reduces to
the problem of solving the functional equations:
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Application to Functional Equations

gi(x) = sge{gl(x,y) + hi(x,y, qi(k(x,y)))}, for x e U (5.1)

q2(X) = ;le‘le{gl(xay) + h2(x7y7 q2(,‘£(X,y)))}, for x € U. (52)

The equations (5.1) and (5.2) can be reformulated as

qi(x) = Sge{gz(x,y)Jrhl(X’y, q1(k(x,¥)))} = b, for x € U (5.3)

q2(x) = sup{g2(x,y) + ha(x,y, q2(k(x,y)))} — b, for x € U,

yev
(5.4)
where b > 0.
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Application to Functional Equations

We study the existence and uniqueness of the bounded solution of
the functional equations (5.3) and (5.4) arising in dynamic
programming in the setup of partial metric spaces.
Let B(U) denote the set of all bounded real valued functions on U.
For an arbitrary n € B(U), define ||n|| = sup [n(t)|. Then

teu

(B(U), |I-]) is a Banach space. Now consider
ps(1,€) = sup[n (t) — £ (t)| + b,
teU

where 1,& € B(U). Then p, is a partial metric on B(U) (see
alsol] ).

M. Abbas and B. Ali, Fixed point of Suzuki-Zamfirescu hybrid contractions

in partial metric spaces via partial Hausdorff metric, Fixed Point Theory Appl.,
Article 21 (2013), 16 pages.
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Application to Functional Equations

Assume that:

(D1) : g1, &, h1 and hy are bounded and continuous.

(D2) : Forx € U, n € B(U) and b > 0, take ¥, ® : B(U) — B(V)
as

Wn(x) = Sge{gz(x,y)+h1(x,y,n(%(X,y)))}—bv for x € U, (5.5)

Pr(x) = Sue{gz(x,y)+hz(x7y,n(ﬂ(w)))}—b, for x € U. (5.6)
ye
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Application to Functional Equations

Moreover, for every (x,y) € U x V, n,& € B(U) and t € U implies

[ (x,y,n(t)) = ha(x, ¥, € ()] < AZwo(n(t),£ (1)) —2b, (5.7)

where

Zwo(n(t), (1)) = max{p,(n(t),£(t)), ps(n(t), ¥n(t)),
ps(€ (1), ®E (1)),
ps(n(2), ¢€(t))+p5(§(f) W (t ))}'
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Application to Functional Equations

Theorem 5.1. Assume that the conditions (D1) and (D2) hold.
Then, the functional equations (5.3) and (5.4) have a unique
common and bounded solution in B(U).

Proof. Note that (B(U), pg) is a complete partial metric space.
By (D1), W and @ are self-mappings of B(U). By (5.5) and (5.6)
in (D2), it follows that for any n,& € B(U) and b > 0, choose

x € U and yi1, y» € V such that

Wn < ga(x, y1) + hi(x, y1, m(k(x, y1)))
¢ < g2(X7}/2) + h2(X>YZ7§(H(X7y2)))a (59)
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Application to Functional Equations

which further implies that
Vn > g2(X,y2) + hl(X7y27 W(H(XayZ))) —b (510)
¢€Zg2(xuy1)+h2(X7y17§("<‘3(X7y1)))_b' (511)
From (5.8) and (5.11) together with (5.7) implies
W (t) — () < h(x, y1,n(k(x, y1))) = ha2(x, y1, €(k(x, y1))) + b
< [h(x, y1,n(k(x, y1))) — ha(x, y1,§(k(x, y1)))| + b
< My o(n(t), £ (1)) — b. (5.12)
From (5.9) and (5.10) together with (5.7) implies
o (t) - "’77 (t) < h2(X7y2v£("{(X7y2))) - hl(Xay2’ n(’i(X’)@))) +b
< |h1(X’y2’77(K(X’y2))) - h2(X7.y2v§(l{(X7y2)))| +b
< My o(n (1), (t)) — b. (5.13)
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Application to Functional Equations

From (5.12) and (5.13), we get

(W (t) — € ()] + b < Ay o(n(t),£(1)). (5.14)
The inequality (5.14) implies that
pe(Wn (1), ¢ (1)) < Ay,o(n (t),£ (1)), (5.15)

where

Zyo(n(t),6(2)) = max{p,(n(t),£(t)), ps(n (t), ¥n (1)),
ps (£ (1), ®E (1))
ps(n (t), ®E(¢)

)+ ps(€(2), Vn (1))
> .
Therefore, all conditions of Corollary 3.4 hold. Thus, there exists a
common fixed point of W and ®, that is, n* € B(U), where n* (t)
is a common solution of functional equations (5.3) and (5.4).
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Conclusion

Conclusion

The results of this presentation broadened the scope of iterated
function system and fixed point theory of a pair of mappings by
incorporating the generalized contraction approaches. We obtained
unique common attractors with the assistance of finite families of
generalized contractive mappings, that belong to the special class
of mappings defined on a partial metric space. The well-posedness
of these obtained results is also established.
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Conclusion

The ideas in this work, being discussed in the setting of partial
metric spaces, are completely fundamental. Hence, they can be
made better, when presented in the extended generalized metric
spaces, like dislocated metric, semi metric, b-metric spaces,
G-metric spaces and some other pseudo-metric or quasi metric
spaces.
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