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Problem statement
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Preliminaries

The function T : (0,00) — R defined by

M(v) ::/ t"tetdt,
0
is called Euler's Gamma function.

The Mittag-Leffler function of order v is defined by

E,(t) = j;o v +1)

for all v € (0,1).
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Definition

The Riemann-Liouville fractional integral operator of order v
1Y : LLi[a, b] — R is defined as:

1

f(8) =

b
/ (t—x)""1f(x)dx, where t€ [a,b],ve(0,1),

where L1 [a, b] is the set of bounded functions.

Definition

The Caputo fractional differential operator of order v, § DY, is
defined by:

§ DY F(t) =17V —=,

where v € (0,1) and d';(tt) € 1[0, b].
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Consider a function defined as

—

$O = HOEOE) =Y Fry

for all v € (0,1) and some constant A, is a solution of the initial
value fractional problem § D¥1(t) = M) (t) with 1(0) = to.

Theorem

Consider an N-dimensional system of Caputo fractional differential
equations § D¥)(t) = Ad(t) of order v, where A is an arbitrary
constant N x N matrix. A solution )(t) of the system is
asymptotically stable if and only if all distinct eigenvalues \; for
j=1,2,..., N of the matrix A satisfy the condition

larg(Nj)| > 5.
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Dynamics of HIV infection within-host

dh(a)la(a. 1) (- M)

Al Ti(OK() + ATHOV(E) @t

(@)@ k() b (6) v )

(11— B)(s2 Ta(0)a(8) + 2 Ta() V() Nz‘zlz}
La(b.1)

a(b)La(b. 1)

, Ta(t) Type 1 and 2 target cells

, Lo(b, t) Type 1 and 2 latently infected cells

, h(t) Type 1 and 2 productively infected cells
(1) Viral load at time t
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Model Formulation

The dynamics of HIV infection within-host by two cell Types and
transmission routes are represented by the Caputo fractional system

6 DY () = F(¥(t),
where 1(t) € X = R? x (L][0,00))? x R3 is given by
¥(t) = (Ta(t), Ta(t), h(t), h(t), h(t), R(2), V()T

and
A —pr Ta(t)—(BLV(t)+r1h(t)) Ta(t)
No—po To(t)—(B2V(t)+k2h(t)) To(t)
(p1(a)—a1(a)—di(a))La(a,t)—§ Oy Li(a,t)
f((t)) = | (pa(b)—ca(b)—da(b))La(b,t)—§ Y Lo(b,t)
(1=A)(BLV(t)+r1h(t)) Ta(t)+AL(t)—S1h(t)
(1-£)(B2V(t)+r2b(t)) T2(t)+A2(t)—b21(t)
N1(51/1(t)—|—N2(52/2(t)—u\/ V(t)

where Ai(t) = [o° ak(s)Lk(s, t)ds and I (t) = [;° Li(s, t)ds, for
se€{a,b}and k=1,2.
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Parameters of the model

A1, A2 - Recruitment rate for Type 1 and 2 target cells

w1, 2 - Death rate of Type 1 and 2 target cells

051, B2 - Transmission rate per contact with free virons of Type
1 and 2 cells

K1, k2 - Transmission rate per contact with productively
infected cells for Type 1 and 2 cells

p1(a), p2(b) - Proliferation rate of latently infected cells
a1(a), ap(b) - Transition rate of latently infected cells to
productive infection

di(a), d2(b) - Death rate of latently infected cells

f1, f> - Fraction of target cells that become latently infected
01,02 - Death rate of productively infected Type 1 and 2 cells
N1, Ny - Total number of virons a productively infected cell
produces during its entire life cycle

wy - Clearance rate of virons
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Well-posedness of the model

m Boundedness - Any solution ¢ of the fractional system

6 DYy (t) = F(u(t)),

satisfies the condition

/\1+ 2
[Ylx <

for all t > 0,

where

c3 = min{u1, p2, c1, e, (1 — Ny)é1, (1 — No)da, pv },

with
a= inf {dl(a)}— sup {p1(a)}

a€f0,00 a€[0,00)

and

o= inf {di(b)} — sup {p2(b)}.
be[0,00) be[0,00)
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Well-posedness cont.

m Positivity - The function f(1(t)) can be decomposed as
F(ip(t)) = () + M((1))-

—u1 0 0 0 0 o0
0 —puo 0 0 0 0 0
0 0 —C3v+my(a) 0 0 0 0
£= 0 0 0 —Cor+mp(b) 0O 0 0 ,
0 o0 0 0 -5 0 0
0 o0 0 0 0 -6 0
0 0 0 0 N181 Noba —py

AM=PrTa(t)V(t)—r1 Ta(t)h(t),
A2—pa2 Tz(f)V(’i))—Hz Ta(t)h(t),
= 0
Me(1)) (1=A) (B Ta () V() +r1 Ta(t) (1) + [5° ax(a)L1(a,t)da
(1—R) (B2 T2(t) V(t)+k2 TQ(t)IQ(t))JrfOOO az(b)La(b,t)db
0

where
mg(s) = ak(s) + di(s) — pk(s) for all s € {a, b} and k =1,2.
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Well-posedness cont.

m The matrix M(v(t)) is positive whenever the condition

Nk S Bk + Kk
(A1 +A2)? C§

is satisfied for all k = 1,2. Therefore the solution space

A
K >5k~|—/€k

GZ{iﬁ(i.“)€§§:(/\l+/\2)2 2

for all k = 1,2}

is positive invariant.
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Equilibrium states

The equilibrium states of the system satisfy the equation
f(*(t)) = 0 where ¥*(t) = (T, T3, L35(a), L3(b), I, 15, V) T.

Let
K

A
REC = ZE(1+ Gfe — ) 5
Hk Ok
be the reproduction number of the virus through the cell to cell
transmission route. The probability distribution of latent Type k

cells is given by

wo- 5 (-75)

and the probability of transition by latent Type k cells is defined as

&k :/ ak(s)ok(s)ds
0
where s € {a, b} and k =1,2.
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Equilibrium states cont.

m Disease-Free-Equilibrium (DFE) - The disease is unable to
invade the target populations, hence only the target cells are
present.

A A T
E° = <u1 Mz 00000> = <T{),T§,0,0,0,0,0>
1 2

T

m Type 1-Dominated-Endemic-Equilibrium - The disease invades
only the Type 1 target cells, thus the disease does not spread
through Type 2 cells.

* K‘lll* > 0 N2 * * Nl(Sl )
Er—((1- 70,22 1%(0)01(a),0, 1,0, 2211 ) |
(= ((1- ) e 22 o). 0.6.0. 52

where L}(0) = A(B1 Ty V* + r1 T L)
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Equilibrium states cont.

m Type 2-Dominated-Endemic-Equilibrium - The disease invades
only the Type 2 target cells, thus the disease does not spread
through Type 1 cells.

% /\1< /<.32/2*> N262 >
Er = (2L (11— 22 )79 0. 15(0)0a(b), 0, 1, 222215 )
s (2 (- 2 ) 0.y 0.5 22

where L5(0) = H(B2 T3 V* + ko TS 15).

m Disease Endemic Equilibrium - The disease invades the target
populations by spreading through both Type 1 and Type 2
cells.

E; = Ef + E; — Eo.
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Basic reproduction number

The basic reproduction number through Type k cells is given by

A N
Ry = —=(1+&f—1) (Bk LA k) = REVHREC forall k = 1,2.
Lk pv - Ok

Reproduction number of the disease through cell-to-cell
transmission route

A K
REC = “E(1+ &ufi — i) -
Kk Ok

Reproduction number of the disease through cell-to-virus
transmission route

A N
RS = M1y g — ) PN
[k v

The reproduction of HIV within-host through each cell type occurs
due to reproduction of the disease by cell-to-cell and cell-to-virus
transmission.
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Stability of the DFE

Let
¢(t) = ¢oEy(At”) where ¢(0) = ¢o

be a solution of the system
§ DY w(t) = F(1(1)),1(0) = .
Then the eigenvalues A of the linearized fractional system
6 DY o(t) = A(t)
satisfy the characteristic equation

CO()\) _ AO()‘)
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Local Asymptotic Stability

where - -
o)) = [T2B1N282][ T2 B2 N1 61]€ 2o
AT TN F )2+ o) (A + 62)
oz B1N161 K1
A1(N) _51’/\<(/\+Mv)()\+51) + /\+51)7_1
and By Nod
=z 2202 K2
AZ()\) _52’)\<()\+HV)()\+52) + )\+52>T27
with
Ukz\ — Z < ank(S—i-))\)> fk,/\ = /O ak(s)akv)\(s)ds and

J=

Eix = 1+ Enfi + fi
where s € {a, b} and k =1,2.
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Local Asymptotic Stability cont.

The DFE is locally asymptotically stable provided |arg(\)| > 7
for all v € (0,1), otherwise the DFE is unstable.

Proof.

mCasel (AeR): If Ry <1and Ry <1then A <0.
m Case 2 (A € C): The real part of the eigenvalue A is strictly
negative, that is i*#(\) < 0.

Therefore it follows that |arg(A)| € (5, 7], that is |arg(\)| > %
for all v € (0,1).
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