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Preliminaries

Definition: Let X be a non-empty set. A functiond: X x X —- R
is said to be metric if it satisfies the following:

Q d(x,y)>0forall x,y € Xand d(x,y) =0 < x =y,
Q d(x,y) =d(y,x) for all x,y € X,
Q d(x,z) <d(x,y)+d(y,z) forall x,y,z € X.

The pair (X, d) is called metric space.
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Preliminaries

Definition: Let X be a non-empty set. A functiond: X x X —- R
is said to be metric if it satisfies the following:

Q d(x,y)>0forall x,y € Xand d(x,y) =0 < x =y,
Q d(x,y) =d(y,x) for all x,y € X,
Q d(x,z) <d(x,y)+d(y,z) forall x,y,z € X.
The pair (X, d) is called metric space.
Example:
e X =R with d(x,y) = |x — y| is metric space.
o X =R? with d(x,y) = /(x1 — x)2+ (y1 — y2)%,
where x = (x1,y1) and y = (x2,y2). d is known as Euclidean
metric.
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Preliminaries

Definition:
o Let (X, d) be a metric space. A sequence {x,} in X is said to
be Cauchy if and only if limpy poo d(Xn, Xm) = 0.
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Preliminaries

Definition:
o Let (X, d) be a metric space. A sequence {x,} in X is said to
be Cauchy if and only if limpy poo d(Xn, Xm) = 0.
@ A metric space (X, d) is complete if every Cauchy sequence
in X converges to a point of X.
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Preliminaries

Definition:

o Let (X, d) be a metric space. A sequence {x,} in X is said to
be Cauchy if and only if limpy poo d(Xn, Xm) = 0.

@ A metric space (X, d) is complete if every Cauchy sequence
in X converges to a point of X.

e Let (X, d) be a metric space. A mapping f : X — X is called
contraction on X if there exists a positive real number o < 1
such that

d(fx,fy) < ad(x,y) forall x,y € X.
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Preliminaries

Definition:
o Let (X, d) be a metric space. A sequence {x,} in X is said to
be Cauchy if and only if limpy poo d(Xn, Xm) = 0.
@ A metric space (X, d) is complete if every Cauchy sequence
in X converges to a point of X.

e Let (X, d) be a metric space. A mapping f : X — X is called
contraction on X if there exists a positive real number o < 1
such that

d(fx,fy) < ad(x,y) forall x,y € X.

o A fixed point of a self mapping f : X — X is an x € X which
is mapped onto itself, that is,

fx = x.

In other words x € X remains fixed under f.
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Banach Contraction Theorem

Theorem Let (X, d) be a complete metric space and let the
mapping f : X — X be contraction on X with contraction constant
«, that is, if there exists a positive real number o < 1 such that

d(fx, fy) < ad(x,y) forall x,y e X.

Then f has a unique fixed point. Furthermore, for every x € X the
sequence of iterates {x, fx, f2x, f3x,---} converges to fixed point
of f.
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Contraction mappings

Example: Let X = [0, 1] with usual metric and let f : X — X be
defined by fx = 3 for all x € X.

f is a contraction with o = 5

X y 1 1
d(fx, fy) = |§ - 5‘ = §|x—y] = §d(X’y)

and has a fixed point 0. fO = 0. Furthermore,
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Contraction mappings

Example: Let X = [0, 1] with usual metric and let f : X — X be
defined by fx = 3 for all x € X.

f is a contraction with o = 5

X y 1 1
d(fx, fy) = |§ - 5‘ = §|x—y] = §d(X’y)

and has a fixed point 0. fO = 0. Furthermore,
@ X =3 ,77}_>0
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Contraction mappings

Example: Let X = [0, 1] with usual metric and let f : X — X be
defined by fx = 3 for all x € X.
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Contraction mappings

Example: Let X = [0, 1]? with Euclidean metric d and let
f: X — X be defined by f(x,y) = (3 +1,%+ 1) :(x,y) €[0,1]%

Let P1 = (Xl,}/1) » = (x2,y2) € [0,1]?, then

d(F(PL),F(P2)) = X1+z*%*%) F(+3-g-1p
Zl\/X1—X2 (1 — y2)?
= fd P17 P2)
Hence, f is a contraction with o = 5 and has a unique fixed point
(3:2)
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Hausdorff distance

Definition: Let (X, d) be a metric space and let A C X. Then A
is compact if every sequence {x,} in A contains a subsequence
having a limit in A.
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Hausdorff distance

Definition: Let (X, d) be a metric space and let A C X. Then A
is compact if every sequence {x,} in A contains a subsequence
having a limit in A.
o X =R, then (0,1] C R is not compact. {1,3,%,---} C (0,1]
but does not have any convergent subsequence.
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Hausdorff distance

Definition: Let (X, d) be a metric space and let A C X. Then A
is compact if every sequence {x,} in A contains a subsequence
having a limit in A.
o X =R, then (0,1] C R is not compact. {1,3,%,---} C (0,1]
but does not have any convergent subsequence.

e 7Z C R is not compact.
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Hausdorff distance

Definition: Let (X, d) be a metric space and let A C X. Then A
is compact if every sequence {x,} in A contains a subsequence
having a limit in A.
o X =R, then (0,1] C R is not compact. {1,3,%,---} C (0,1]
but does not have any convergent subsequence.
e 7Z C R is not compact.

e In R"” closed and bounded subsets are compact.
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Hausdorff distance

Definition: Let (X, d) be a metric space and let A C X. Then A
is compact if every sequence {x,} in A contains a subsequence
having a limit in A.
o X =R, then (0,1] C R is not compact. {1,3,%,---} C (0,1]
but does not have any convergent subsequence.
e 7Z C R is not compact.
e In R"” closed and bounded subsets are compact.

@ Every closed interval and every finite set in R are compact.
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Hausdorff distance

Let C(X) denotes the set of all non-empty compact subsets of a
complete metric space (X, d). For A, B, C € C(X).
Definition: If x € X, the distance form x to B is

d(x,B) = min{d(x,y) : y € B} (1)

d(x,B)
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Hausdorff distance

Let C(X) denotes the set of all non-empty compact subsets of a
complete metric space (X, d). For A, B, C € C(X).
Definition: If x € X, the distance form x to B is

d(x,B) = min{d(x,y) : y € B} (1)

d(x,B) E B :

Let B=[0,1] C R and x = 3 then,
d(x,B) =min{d(3,y) :y €[0,1]} =3 -1 =2.
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Hausdorff distance

Let C(X) denotes the set of all non-empty compact subsets of a
complete metric space (X, d). For A, B, C € C(X).
Definition: If x € X, the distance form x to B is

d(x,B) = min{d(x,y) : y € B} (1)

d(x,B) E B :

Let B=[0,1] C R and x = 3 then,

d(x,B) =min{d(3,y) :y €[0,1]} =3 -1 =2.
Q@ xeB = d(x,B)=0.
@ BC C = d(x,C) <d(x,B).

Prof. Melusi Khumalo UNISA, South Africa Attractors of Iterated Function System and its Applications



Hausdorff distance

Definition: Let A, B € C(X), the distance from A to B is

d(A, B) = max{d(x,B) : x € A}.
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Hausdorff distance

Definition: Let A, B € C(X), the distance from A to B is
d(A, B) = max{d(x,B) : x € A}.
Let A=[0,1] and B = [3,5] be subsets in R,

d(A,B) = max{d(x,[3,5]): x €[0,1]}
= max{|x —3|:x€[0,1]} =[0—- 3] =3.
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Hausdorff distance

Definition: Let A, B € C(X), the distance from A to B is
d(A, B) = max{d(x,B) : x € A}.
Let A=[0,1] and B = [3,5] be subsets in R,

d(A,B) = max{d(x,[3,5]): x €[0,1]}
= max{|x —3|:x€[0,1]} =[0—- 3] =3.

Similarly,

d(B,A) = max{d(y,[0,1]) :y € [3,5]} = d(3,]0,1])
= min{d(3,x):x€[0,1]} =3 -1 =2.

Hence, d(A, B) # d(B, A).
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Hausdorff distance

The distance from A to B is
d(A, B) = max{d(x,B) : x € A}.

Note that d is not a metric on C(X), since it is not symmetric in
general that is d(A, B) # d(B, A).

dfA.B)

d(B.A)
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Hausdorff distance

The distance from A to B is
d(A, B) = max{d(x, B) : x € A}.

Note that d is not a metric on C(X), since it is not symmetric in
general that is d(A, B) # d(B, A).

d{A.B)

d(B.A)

dix.B)
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Hausdorff distance

The distance from A to B is
d(A, B) = max{d(x, B) : x € A}.

Note that d is not a metric on C(X), since it is not symmetric in
general that is d(A, B) # d(B, A).

d{A.B)
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Hausdorff distance

Lemma 1.1: Let A, B, C € C(X) then,
@ BCC = d(A C)<d(AB),
Q@ d(AUB,C)=max{d(A, C),d(B, C)}.
Proof: Since, B C C then
d(x,C) <d(x,B) forall x €A

= d(A,C) < d(A,B).
(2) follows from
d(AUB,C) = max{d(x,C):xe€ AUB}
= max{TeaZ( d(x, C), max d(x,C)}

= max{d(A, C),d(B, C)}.
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Hausdorff distance

Definition: Let (X, d) be a complete metric space, the Hausdorff
distance between A and B in C(X) is defined by

h(A, B) = max{d(A, B), d(B, A)}. (2)
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Hausdorff distance

Definition: Let (X, d) be a complete metric space, the Hausdorff
distance between A and B in C(X) is defined by

h(A, B) = max{d(A, B),d(B, A)}. (2)
Lemma 1.2: For all A, B, C,D € C(X),
h(AU B, CU D) < max{h(A, C), h(B,D)} (3)
Proof: By using (2) of Lemma 1.1, we have

d(AUB,CUD) = max{d(A,CUD),d(B,CUD)}
max{d(A, C),d(B, D)} (using (1) of Lemma 1.1)

<
< max{h(A, C), h(B, D)}.

The same argument yields,

d(CUD,AU B) < max{h(A, C), h(B, D)}. (4)
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Hausdorff distance

Theorem: Let (X, d) be a complete metric space. Then the
mapping h: C(X) x C(X) — R defines a metric on C(X).
Furthermore, (C(X), h(d)) is complete.
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Hausdorff distance

Theorem: Let (X, d) be a complete metric space. Then the
mapping h: C(X) x C(X) — R defines a metric on C(X).
Furthermore, (C(X), h(d)) is complete.
Let A, B, C € C(X)
O h(A A) =d(A A) =max{d(x,A) : x € A} =0,
If A# B = da € A such that a € B.
It follows that h(A, B) > d(A, B) > 0.

@ h(A, B) = h(B, A)
© We first show that d(A, B) < d(A, C) + d(C, B).
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Hausdorff distance

For any a € A we have,

d(a,B) =

A

min{d(a, b) : b € B}

min{d(a,c) + d(c,b): be B} Yce C
d(a,c) + min{d(c,b): be B} Vce C
d(a,c)+d(c,B) Vce C
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Hausdorff distance

For any a € A we have,

d(a,B) = min{d(a,b): bec B}
min{d(a,c) + d(c,b): be B} Yce C
d(a,c) + min{d(c,b): be B} Vce C
d(a,c)+d(c,B) Vce C

A

d(a,B) < min{d(a,c):ce C}+ max{d(c,B):ce C}
= d(a,C)+d(C,B), so that

d(A,B) < d(A, C) +d(C,B).
A)

) <
d(B,A) < d(B, C) + d(C, A)
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Hausdorff distance

For any a € A we have,
d(a,B) = min{d(a,b): bec B}
< min{d(a,c) +d(c,b) :be B} VceC
= d(a,c)+ min{d(c,b): be B} Vce C
= d(a,c)+d(c,B) Vce C

d(a,B) < min{d(a,c):ce C}+ max{d(c,B):ce C}

= d(a,C)+d(C,B), so that
d(A, B) < d(A, C) + d(C, B).
d(B,A) <d(B,C)+d(C,A)

h(A,B) = max{d(A, B),d(B,A)}
< max{d(A,C)+d(C,B),d(B,C) +d(C,A)}
— max{d(A, C),d(C,A)} + max{d(C, B), d(B, C)}
— (A, C) + h(C,B).
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Contraction on Hausdorff metric

Theorem: Let (X, d) be a metric space and let f : X — X be
contraction with contraction constant «.. Then,
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Contraction on Hausdorff metric

Theorem: Let (X, d) be a metric space and let f : X — X be
contraction with contraction constant «.. Then,

e f maps C(X) into itself.
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Contraction on Hausdorff metric

Theorem: Let (X, d) be a metric space and let f : X — X be
contraction with contraction constant «.. Then,

e f maps C(X) into itself.
o f:C(X)— C(X) defined by

f(A) ={f(x):xe A} VAeC(C(X)

is a contration mapping on (C(X), h(d)) with contraction
constant a.
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Contraction on Hausdorff metric

Theorem: Let (X, d) be a metric space and let f : X — X be
contraction with contraction constant «.. Then,

e f maps C(X) into itself.
o f:C(X)— C(X) defined by

f(A) ={f(x):xe A} VAeC(C(X)

is a contration mapping on (C(X), h(d)) with contraction
constant a.

Proof: It is obvious that every contraction mapping is continuous.
Further under every continuous mapping f : X — X, the image of
a compact subset is also compact. That is,

AcC(X) = f(A) e C(X).

Now let A, B € C(X).
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Contraction on Hausdorff metric

Q.
—~
\1\
—~
>
~
~-
—~
oY)
~
~
I

max{d(fx,f(B)) : x € A}
max{min{d(fx,fy) :y € B} : x € A}
max{min{a.d(x,y) :y € B} : x € A}
a.d(A, B).

IN

Similarly, d(f(B),f(A)) < a.d(B,A).
Hence, h(f(A), f(B)) max{d(f(A), f(B)),d(f(B),f(A))}
< max{ad(A, B),ad(B,A)}

= «ah(A,B).

Hence f : C(X) — C(X) is contraction with same constant «.
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Contraction on Hausdorff metric

Theorem: Let (X, d) be a metric space. Let

{fo:n=1,2,--- N} be contraction mappings on (C(X), h). Let
the contraction constant for f, be denoted by «, for each n.
Define F : C(X) — C(X) by

F(A) = AA)URA)U---Ufy(A)
= UM f(A), foreach AcC(X).

Then F is a contraction mapping with contraction constant
a=max{a,:n=1,2,--- N}
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Contraction on Hausdorff metric

Theorem: Let (X, d) be a metric space. Let
{fo:n=1,2,--- N} be contraction mappings on (C(X), h). Let
the contraction constant for f, be denoted by «, for each n.
Define F : C(X) — C(X) by

F(A) A(A)U HL(A)U--- U fy(A)
= UM f(A), foreach AcC(X).

Then F is a contraction mapping with contraction constant
a=max{a,:n=1,2,--- N}

Proof: We demonstrate the claim for N = 2. Let A, B € C(X),
then using Lemma 1.2, we have

K(F(A),F(B)) = h(A(A)U f(A), A(B) U £(B)) (Lemma 12)

) (
max{h(fi(A), fi(B)), h(f(A), 2(B))}

<
< max{a1h(A, B), azh(A, B)} < ah(A, B).
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lterated function system (IFS)

@ The Iterated function system or IFS consists of a complete
metric space (X, d) together with a finite set of contraction

mappings f, : X — X, with respective contraction constants
ap, forn=1,2,--- 'N.
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lterated function system (IFS)

@ The Iterated function system or IFS consists of a complete
metric space (X, d) together with a finite set of contraction
mappings f, : X — X, with respective contraction constants
ap, forn=1,2,--- 'N.

@ The notation used for IFS is {X; f,,n=1,2,--- N} and its
contraction factor is & = max{a, :n=1,2,---  N}.
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lterated function system (IFS)

@ The Iterated function system or IFS consists of a complete
metric space (X, d) together with a finite set of contraction
mappings f, : X — X, with respective contraction constants
ap, forn=1,2,--- 'N.

@ The notation used for IFS is {X; f,,n=1,2,--- N} and its
contraction factor is & = max{a, :n=1,2,---  N}.

@ The fixed point P € C(X) of an IFS {X;f,,n=1,2,--- N}
is called attractor of IFS.
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lterated function system (IFS)

@ The Iterated function system or IFS consists of a complete
metric space (X, d) together with a finite set of contraction
mappings f, : X — X, with respective contraction constants
ap, forn=1,2,--- 'N.

@ The notation used for IFS is {X; f,,n=1,2,--- N} and its
contraction factor is & = max{a, :n=1,2,---  N}.

@ The fixed point P € C(X) of an IFS {X;f,,n=1,2,--- N}
is called attractor of IFS.

o Contractive affine transformations are commonly used for the
construction of an IFS.
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lterated function system (IFS)

Theorem: Let {X;f,,n=1,2,---, N} be iterated function
system with contraction constant . Then the transformation
F : C(X) — C(X) defined by

F(A) =UN_ £,(A) forall AcC(X)

is contraction mapping on the complete metric space (C(X), h(d))
with contraction constant «.. Hence it has a unique fixed point,
P e C(X)

P = F(P) = U, f(P).

Furthermore,

e for any S € C(X), the sequence of compact sets
{S,F(S), F?(S),---} converges to fixed point of F.
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Affine transformations

@ A two dimensional affine transformation f : R2 — R? is of
the form

f(x1,x) = (ax1 + bxa + e,cxy + dxp + )

where a, b, ¢, d are real numbers. Equivalently,

(5)=(20)(2)(7)
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Affine transformations

@ A two dimensional affine transformation f : R2 — R? is of
the form

f(x1,x) = (ax1 + bxa + e,cxy + dxp + )

where a, b, ¢, d are real numbers. Equivalently,
xx\_ [ a b X1 e
()00 a)(2)+(7)

@ The action of an affine transformation consists of rotation,
reflection, translation, shearing and scaling.

Prof. Melusi Khumalo UNISA, South Africa Attractors of Iterated Function System and its Applications



Affine transformations

o f(x,y) =(x/2,y/2)

1 1
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Affine transformations

o f(x,y) =(x/2,y/2)

° f(XvY) = (—y,X)
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Affine transformations

o f(x,y) =(x/2,y/2)

1 1

° f(XvY) = (—y,X)

-1

o f(x,y)=(x/2,y/2) +(1/2,0)

1 1

-1 A 1 -1 .
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Sierpinski triangle

Consider the IFS {R?; f;, f, 3} and F : C(R?) — C(R?)
F(A) = fi(A) U K(A)U fz(A) for all Ac C(R?).
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Sierpinski triangle

Consider the IFS {R?; f;, f, 3} and F : C(R?) — C(R?)
F(A) = fi(A) U K(A)U fz(A) for all Ac C(R?).

o4 (5)=(% 1) ()
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Sierpinski triangle

Consider the IFS {R?; f;, f, 3} and F : C(R?) — C(R?)
F(A) = fi(A) U K(A)U fz(A) for all Ac C(R?).

o5(;)-(% 5)(5)
o+()-(8 ) () (%)
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Sierpinski triangle

Consider the IFS {R?; f;, f, 3} and F : C(R?) — C(R?)
F(A) = fi(A) U K(A)U fz(A) for all Ac C(R?).

°n(5)=(% ) (})
)= ) () (%)
)= ) () (32)
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Sierpinski triangle

Consider the IFS {R?; f;, f, 3} and F : C(R?) — C(R?)
F(A) = fi(A) U K(A)U fz(A) for all Ac C(R?).
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Sierpinski triangle

IFS: {R?; f1, f, 3} and F : C(R?) — C(R?)

Figure: F(A)

Prof. Melusi Khumalo UNISA, South Africa Attractors of Iterated Function System and its Applications



Sierpinski triangle

IFS: {R?; f1, £, 3} and F : C(R?) — C(R?)

Figure: F2(A)
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Sierpinski triangle

IFS: {R?; f1, f, 3} and F : C(R?) — C(R?)

Figure: F3(A)
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Sierpinski triangle

IFS: {R?; f1, f, 3} and F : C(R?) — C(R?)
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Sierpinski triangle

IFS: {R?; f1, f, 3} and F : C(R?) — C(R?)

Figure: F5(A)
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Sierpinski triangle

IFS: {R% f1, 2, f3} and F : C(R?) — C(R?)

Figure: A
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Figure: F(A)
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Sierpinski triangle

IFS: {R2;f1, %, £} and F : C(R?) — C(R?)
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Sierpinski triangle

IFS: {R2;f1, %, £} and F : C(R?) — C(R?)
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Figure: F3(A)
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Figure: F4(A)
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Sierpinski triangle

IFS: {R2;f1, %, £} and F : C(R?) — C(R?)

Figure: F5(A)
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Sierpinski triangle

IFS: {R2;f1, %, £} and F : C(R?) — C(R?)

Figure: FO(A)
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Sierpinski triangle

IFS: {R?; f, f, f3}
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Snow flake

Consider the IFS: {R?; f,,n=1,---,7} and F : C(R?) — C(R?)
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Snow flake

Consider the IFS: {R?; f,,n=1,---,7} and F : C(R?) — C(R?)
@ filxy) =(x/3,y/3)
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Snow flake

Consider the IFS: {R?; f,, n=1,---,7} and F : C(R?) — C(R?)
(1) fl(X7y) = (X/?’ay/?’)
Q f(x,y) = (x/3,y/3) +(2/3,0)
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Snow flake

Consider the IFS: {R?; f,,n=1,---,7} and F : C(R?) — C(R?)

0 fA(x,y) = (x/3,y/3)
@ fH(x,y) =(x/3,y/3) +(2/3,0)
@ f3(x,y) = (x/3,y/3) + (~1/3,1/V3)
Q f(x,y) = (x/3,y/3)+(1/3,1/V3)
0 fi(x,y) = (x/3,y/3) + (1,1/V3)
0 fi5(x,y) = (x/3,y/3) +(0,2/V3)
Q f(x, )/)Z(X/3 y/3)+(2/3 2/V/3)
F(A) = f(A)U---Uf(A) forall AcC(R?)
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Snow flake
Consider the IFS: {R?; f,,n=1,---,7} and F : C(R?) — C(R?)

O filx,y)=(x/3,y/3)

Q f(x,y)=(x/3,y/3) +(2/3,0)

o f:«;(XaY) (x/3,y/3) +(-1/3,1/V/3)

O fi(x,y) = (x/3,y/3) +(1/3,1/V3)

Q@ f5(x,y) = (x/3,y/3) +(1,1/V3)

0 f5(x,y) = (x/3,y/3) +(0,2/V3)

Q@ f(x,y) = (X/3 y/3)+(2/3 2/V3)

F(A) = f(A)U---UK(A) forall AcC(R?)
A F(A)
fs fr
IFS . . .

fi it}
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Snow flake

IFS: {R?;f,,n=1,---,7} and F : C(R?) — C(RR?)

Figure: F(A)
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Snow flake

IFS: {R?;f,,n=1,---,7} and F : C(R?) — C(RR?)

Figure: F3(A)
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Snow flake

IFS: {R?; f,,n=1,---,7} and F : C(R?) — C(R?)

Figure: F4(A)
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Koch curve

Consider the IFS {R?; f;, f, f3, f4} and F : C(R?) — C(R?)
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Koch curve

Consider the IFS {R?; f1, f, f3, 4} and F : C(R?) — C(R?)
o a(y)=(" s ) ()
o ()= k) () (%)
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Koch curve

Consider the IFS {R?; f1, f, f3, 4} and F : C(R?) — C(R?)
o a(y)=(" s ) ()
o ()= k) () (%)

oo(3)-( 5 () (0)
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Koch curve

Consider the IFS {R?; f;, f, f3, f4} and F : C(R?) — C(R?)

°f1<;):<1(/)3 1(/)3><)y(>
ok(3)-( %)) (%)

o s(3)-( 0 ) ()-(0)
oa(3)=( 5 05 ) () (i)

F(A) = f(A) U H(A) U f(A) U f(A) for all A€ (R?)
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Koch curve

Consider the IFS {R?; f;, f, f3, f4} and F : C(R?) — C(R?)

ox()-(%5)(5)
ou(1)-( 4)()+(%)
on()-( () (1)
o 0(3)- (e U () (1)

F(A) = f(A) U H(A) U f(A) U f(A) for all A€ (R?)

IFS
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Koch curve

{R% A, h,f3,f} and F : (R?) — (R?)
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Koch curve

{R% A, h,f3,f} and F : (R?) — (R?)
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Koch curve

{R% A, h,f3,f} and F : (R?) — (R?)

P
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Koch curve

{R% A, h,f3,f} and F : (R?) — (R?)

Pep
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IFS with condensation

Definition: Let (X, d) be a metric space and let C € C(X).
Define a transformation fy : C(X) — C(X) by;

fo(B) = C for all B € C(X). (5)

Then, fy is called condensation transformation and C is called the
associated condensation set.
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IFS with condensation

Definition: Let (X, d) be a metric space and let C € C(X).
Define a transformation fy : C(X) — C(X) by;

fo(B) = C for all B € C(X). (5)

Then, fy is called condensation transformation and C is called the
associated condensation set.
e Condensation transformation fy : C(X) — C(X) is a
contraction mapping on the metric space (C(X), h(d)), with
contraction constant oo = 0.
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IFS with condensation

Definition: Let (X, d) be a metric space and let C € C(X).
Define a transformation fy : C(X) — C(X) by;

fo(B) = C for all B € C(X). (5)

Then, fy is called condensation transformation and C is called the
associated condensation set.

e Condensation transformation fy : C(X) — C(X) is a
contraction mapping on the metric space (C(X), h(d)), with
contraction constant @ = 0.

@ Hence, it has a unique fixed point, which is the condensation
set itself.

Prof. Melusi Khumalo UNISA, South Africa Attractors of Iterated Function System and its Applications



IFS with condensation

Definition: Let {X; fi,f,--- ,f,} be an IFS with contraction
constant 0 < a < 1. Let fy : C(X) — C(X) be a condensation
transformation. Then {X; fy, f,--- , f,} is called iterated function
system with condensation, with contraction constant «.

Attractors of Iterated Function System and its Applications
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IFS with condensation

Theorem: Let {X;f,,n=0,1,---, N} be iterated function
system with condensation, with contraction constant a. Then
the transformation F : C(X) — C(X) defined by

F(A) = UN_ £, (A) forall AeC(X)

is contraction mapping on the complete metric space (C(X), h(d))
with contraction constant «.. Hence it has a unique fixed point,
P e C(X)

P = F(P) = UN_,f.(P).

Furthermore,

e for any S € C(X), the sequence of compact sets
{S,F(S), F?(S),---} converges to fixed point of F.
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Let {R?; fy, f, f} be the IFS with condensation,where
f(x)_(1/2c059 —1/2sin9)<x>+<0>
Wy )\ 1/2sin0 1/2cosd y 1
f(x)<1/2c059 1/2sin9><x>+<0>

2\ y )~ \ =1/2sin0 1/2cos¥ y 1

Let condensation set C be the trunk of the tree of unit height.

That is fo(B) = C for all B € (R?). For § = 60 the attractor of
above IFS with condensation set C is
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Let condensation set C be the trunk of the tree of unit height.
That is fo(B) = C for all B € (R?). For § = 60 the attractor of
above IFS with condensation set C is

0.0
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Let condensation set C be the trunk of the tree of unit height.
That is fy(B) = C for all B € (R?). For # = 60 the attractor of
above IFS with condensation set C is

0.0
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Let condensation set C be the trunk of the tree of unit height.
That is fy(B) = C for all B € (R?). For # = 60 the attractor of
above IFS with condensation set C is
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IFS with condensation

(0,0) (0.0) (0.0) (0,0)
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IFS with condensation

Changing the value of 6 and condensation set C we have the
following attractors to IFS with condensation.
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IFS with condensation

Changing the value of 6 and condensation set C we have the
following attractors to IFS with condensation.
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Applications

@ An important feature of attractors of IFS is that they exhibit
self-similar pattern.
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Applications

@ An important feature of attractors of IFS is that they exhibit
self-similar pattern.

@ A fractal is a mathematical set that has self-similar patterns,
where self-similar means they are "the same from near as from
far". Fractals may be exactly the same at every scale, or they
may be nearly the same at different scales.
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where self-similar means they are "the same from near as from
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may be nearly the same at different scales.

@ Hence, IFS generates fractals.
e (C(X), h(d)) is known as house for fractals.
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Applications

An important feature of attractors of IFS is that they exhibit
self-similar pattern.

@ A fractal is a mathematical set that has self-similar patterns,
where self-similar means they are "the same from near as from
far". Fractals may be exactly the same at every scale, or they
may be nearly the same at different scales.

@ Hence, IFS generates fractals.

e (C(X), h(d)) is known as house for fractals.

@ Same idea is led to partitioned iterated function system PIFS
which is widely used for encoding of grey scale image. It is

called image compression and is used to create special
effects in gray scale image.
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Fractals in nature

Figure: Sierpinski Pyramid
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Fractals in nature

Figure: Human Lungs
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Fractals in nature

Figure: Lightening fractal
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Fractals in nature

Figure: Sea shell
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Fractals in nature

Figure: Fractals in plants
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Fractals in nature

Figure: Snow flakes
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