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Introduction

A graph is a pair of G = (V,E), where V is a set whose
elements are called vertices, and E is a set of pairs of elements
of V, whose elements are called edges.
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Binomial random graphs G(n, p)

G(n, p) each pairs of nodes is connected with probability p.

Figure : n =20,p = 0.09
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Directed graphs(digraphs)

A directed graph G = (V, E) consists of a nonempty set of
nodes V and a set of directed edges E. Each edge e of E is
specified by an ordered pair of vertices u,v € V . A directed
graph is simple if it has no loops and no multiple edges.
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The right is forbidden, and the left is allowed.
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Random digraph model

Model D(n, p): Each of the n(n — 1) possible edges occurs
independently with probability p € [0, 1].

Figure : n =15,p = 0.09
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Directed Acyclic Graphs(DAGs)

A directed acyclic graph(DAG) is a digraph which has no
directed cycles.

Digraph on 10 vertices Digraph on 10 vertices

f

S
'j
(a) A DAG (b) Not A DAG
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Random directed acyclic graph

The random directed acyclic graph Dgy.(n, p) is simply D(n, p)
conditioned to be acyclic. we restricted our selves to the spares
case where p = %, for A > 0 is fixed.
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Figure : n =15,p = 0.09

How many connected components of a given size are there in
Dac(n, p)?
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Continued

Let £ = Finite class of DAGs
0 = count the number of occurrences of the elements of £ in

Dac(nup)'
For example, if £ = @ , we are counting connected

components of order 1. We have a theorem for such connected
component.
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Theorem 1 (Naina, (2022))

Let §(D) denote the number of connected component in an
acyclic digraph D. Define

B2 if A<1
pr(N) = { —(A+1)

e~ x if A>1
and
(02 = e M1+ (22— 1)e™?) if A<1
B )\_16_(>\+1)(1 + e—(/\-i-l)) if A>1

Then, for a fited A > 0, E(0(Dgc(n, \/n)))~ pw*(A)n as n — oo.
Moreover, we have

O(Dge(n, A/n)) — u*(A)n
Oule ) g g,
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Generating function of DAGs

If we denote by e(D) the number of edges in a digraph D, then
we define

An(y) =Yy
D

where the sum is taken over all acyclic digraphs on
[n] ={1,2,3,...,n}. The corresponding exponential generating
function is

Alwy) = 3 Aul)
n=0 :

The coefficients A, (y) was studied by Robinson(1973), Kassie,
Gessel, Chrstina, Xuming(2020)
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To include counts on the number of connected components, for
an acyclic digraph D, let 6(D) be the number of connected
components from £. Then consider the polynomial

u) — Z ye(D)ué(D)
D

The corresponding exponential generating function is given by

Az, y,u ZA (y,u

|

Theorem 2

We have
> auly )5 =Sy
n=0
Where Z ; $|D|
bet o1
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Proof

Consider the directed acyclic graphs given below

S

(b) DAG

o EGF for the objects on the left: e*f(®:¥)

o EGF for the objects on the right:

S Aup)s
n=0
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Continued

The Cartesian product of the two objects

C(x,y,u ZC (y, u

= set(é’) x DAG

fen) N "
— uf(@y) ZAn(y)ﬁ
n=0
On the other hand
n

C(z,y,u ZA y,l—l—u—'

The objects in the cartesian can be regarded DAGs where a
subset of the components that come from & is distinguished..
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Continued

Which implies
> Anl 1t ) =T S A)

Replacing u by u — 1

S )y N z"
5 Ay = > Al
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Estimate of the average of connected components of

DAGs

The smallest connected component of a DAG is a connected
component of order 1.

The expectation of the number of connected component of
order 1 in Dy.(n,p) satisfies the asymptotic estimate
E(I(Dge(n, 2))) ~ p*(A\)n as n — oo as stated in Theorem 1

n

We have

B (u0ntno)) = An (25)

Therefore,

B(0(Ducln ) = 2 e
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Continued

Now, we consider a connected components of DAG of order 2.

(68

Correspondingly the exponential generating function that
represents the elements of £ is

f(xvy) = y£E2
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Continued

Using Theorem 2
> n > n
x 2 x
S Anlyow) sy = IS4, ()
n=0 ’ n=0 ’

Differentiating with respect to u and substituting v = 1, we get

n=0 n=0
oo xn
= Z n(n — 1)An,2(y)yﬁ
When we compare the coefficient of 2™ in the right and left we

get

OuAn (Y, w)lu=1 = yn(n — 1) An—2(y)

SAMS Congress Presentation — 7 DECEMBER 2022 ‘WEAKLY CONNECTED COMPONENT OF RDAG



Continued

0 be the random variable that counts the number of occurrences
of the elements of £. Then

E(6(Dge(n,p))) = OuAn (Y w)|u=1

Lemma 4 (Naina, (2022

As2
Anfj(y) en if A<1
=(1+o(1))pu"(N) x .
An(y) (L4 o)u () AOHE e 5

4N
en if A<1
E(5(Dac(n,p))) = (14 o(1))u*(X)? x { 12041
ez n if A>1

~Anpf(A)? as n— oo
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Continued

In general, if §(D) counts the number of components of order k
in D for which k& > 0 is fixed. We obtain the following theorem.

Theorem

|

Let §(D) denote count the number of components of acyclic
digraph D with order k. Then for a fized A > 0,

kk722k71

E(d(Dac)(na )‘/n)) ~ k!

N e as n— oo

Moreover, we have
O(Dac(m, A/m)) — K= A1 = pkn
- ()\)2n 4w
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Thank you!




