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Definitions and Concepts

Concepts

Definition 1:

Let G = {V,E} be a graph with vertex set V and edge set E.
The order of a graph (size, respectively) is denoted by n (m,
respectively), where n = |V | and m = |E|. Two vertices u and v
are adjacent if there exists an edge between them.
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Definitions and Concepts

Concepts

Definition 1:

Let G = {V,E} be a graph with vertex set V and edge set E.
The order of a graph (size, respectively) is denoted by n (m,
respectively), where n = |V | and m = |E|. Two vertices u and v
are adjacent if there exists an edge between them.

Definition 2;

Let X and Y denote two disjoint vertex sets. We say that G is a
Bipartite graph if no edge e = xy of G is such that x,y € X or
X,y € Y. We denote R(G) = X and £(G) =Y as the right and
left partite sets of G respectively. If |[R(G)| = |£(G)|, then G is a
Balanced Bipartite graph

4
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Definitions and Concepts

Concepts

Definition 3:

For bipartite graphs G1, Go, ..., Gy, the bipartite Ramsey
number b(G;, Gy, ..., Gy) is the least positive integer b so that
any colouring of the edges of Ky, ,, with k colours, will result in a
copy of Gj, in the ith colour, for some i.
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Definitions and Concepts

¢ Concepts

Definition 3:
For bipartite graphs G1, Go, ..., Gy, the bipartite Ramsey
number b(G;, Gy, ..., Gy) is the least positive integer b so that

any colouring of the edges of Ky, ,, with k colours, will result in a
copy of Gj, in the ith colour, for some i.

| \

Definition 4

If G; = Gj foralli,j € {1,...,k}, then the bipartite Ramsey
number b(Gy, Gy, ..., Gk) will be abbreviated as by (Gy).
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Definitions and Concepts

o The existence of all numbers b(Gy,Go, ..., G) follows
from a result of Erdds and Rado in the paper:
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Definitions and Concepts

o The existence of all numbers b(Gy,Go, ..., G) follows
from a result of Erdds and Rado in the paper:
A partition calculus in set theory,  Bull. Amer. Math.
Soc 62 (1956) 229-489.
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Definitions and Concepts

o The existence of all numbers b(Gy,Go, ..., G) follows
from a result of Erdds and Rado in the paper:
A partition calculus in set theory,  Bull. Amer. Math.
Soc 62 (1956) 229-489.

o The authors J.H. Hattingh and M.A. Henning considered
the number b(G1, G,, ..., Gk), where G; = Cy4, for alli. In
particular, they showed the following:
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Definitions and Concepts

o The existence of all numbers b(Gy,Go, ..., G) follows
from a result of Erdds and Rado in the paper:
A partition calculus in set theory,  Bull. Amer. Math.
Soc 62 (1956) 229-489.

o The authors J.H. Hattingh and M.A. Henning considered
the number b(G1, G,, ..., Gk), where G; = Cy4, for alli. In
particular, they showed the following:

(M. Henning and J. Hattingh) The bipartite Ramsey number
bk (C4)
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Definitions and Concepts

o The existence of all numbers b(Gy,Go, ..., G) follows
from a result of Erdds and Rado in the paper:
A partition calculus in set theory,  Bull. Amer. Math.
Soc 62 (1956) 229-489.

o The authors J.H. Hattingh and M.A. Henning considered
the number b(G1, G,, ..., Gk), where G; = Cy4, for alli. In
particular, they showed the following:

(M. Henning and J. Hattingh) The bipartite Ramsey number
bk (C4) is at most k? + k — 1.
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ation: by(Cy)
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Definitions and Concepts

ation: bz(C4)

@ By Theorem 1, b,(C4) < 5. Colour the edges of a Ks s with two colours,
say blue and red. .
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@ By Theorem 1, b,(C4) < 5. Colour the edges of a Ks s with two colours,
say blue and red. .
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Definitions and Concepts

ation: by(Cy)

@ By Theorem 1, by(C4) < 5. Colour the edges of a Ks 5 with two colours,
say blue and red.
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ation: bz(C4)
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@ By Theorem 1, by(C4) < 5. Colour the edges of a Ks 5 with two colours,
say blue and red.
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ation: by(Cy)
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@ By Theorem 1, b,(C4) < 5. Colour the edges of a Ks s with two colours,
say blue and red.
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Definitions and Concepts

ation: by(Cy)

O 00O0O
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G

Gy G2

@ By Theorem 1, b,(C4) < 5. Colour the edges of a Ks 5 with two colours,
say blue and red. The graph G; has a blue C,.
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Definitions and Concepts

@ R. Zhang, Y. Sun and Y. Wu, The bipartite ramsey numbers
b(Com; Con). Int. Journ. of Math., Comp. Scien. and Engin.
7 (2013), 42-45.
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Definitions and Concepts

@ R. Zhang, Y. Sun and Y. Wu, The bipartite ramsey numbers
b(Com; Con). Int. Journ. of Math., Comp. Scien. and Engin.
7 (2013), 42-45.

@ Zhang, Sun and Wu conjectured that b(Cys) = 2s, for
s > 3.
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Definitions and Concepts

@ R. Zhang, Y. Sun and Y. Wu, The bipartite ramsey numbers
b(Com; Con). Int. Journ. of Math., Comp. Scien. and Engin.
7 (2013), 42-45.

@ Zhang, Sun and Wu conjectured that b(Cys) = 2s, for
s > 3.

9@ Zllong Yan and Yuejian Peng announced at the end of
2021 that they proved this conjecture. The paper has not
been peer reviewed.
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Definitions and Concepts

@ R. Zhang, Y. Sun and Y. Wu, The bipartite ramsey numbers
b(Com; Con). Int. Journ. of Math., Comp. Scien. and Engin.
7 (2013), 42-45.

@ Zhang, Sun and Wu conjectured that b(Cys) = 2s, for
s > 3.

9@ Zllong Yan and Yuejian Peng announced at the end of
2021 that they proved this conjecture. The paper has not
been peer reviewed.

o Is this result optimal in the sense that it produces the
smallest possible bipartite graph?
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Definitions and Concepts

Definition 6:

Let a and b be positive integers with a > b. For bipartite graphs
G; and G, the bipartite Ramsey number pair (a, b), denoted by
bp(G1,G2) = (a,b), is an ordered pair of integers such that for
any blue-red coloring of the edges of K, ¢, with r > t, either a
blue copy of G; exists, or a red copy of G, exists, if and only if
r>aandt > b.
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Definitions and Concepts

Definition 6:

Let a and b be positive integers with a > b. For bipartite graphs
G; and G, the bipartite Ramsey number pair (a, b), denoted by
bp(G1,G2) = (a,b), is an ordered pair of integers such that for
any blue-red coloring of the edges of K, ¢, with r > t, either a
blue copy of G; exists, or a red copy of G, exists, if and only if
r>aandt > b.

Faudree and Schelp determined bipartite Ramsey humber
pairs for paths. They showed that:
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Definitions and Concepts

For positive integers n and m we have:

bp(P2n,Pom) = (N+m —1,n+m — 1),

bp(P2nt1, Pom) = (N +m,n4+m—1)forn>m -1,
bp(Pans1,Pom) =(N+m—1n+m—1)forn<m—1,
bp(P2ni1,Pomi1) = (N +m,n+m —1)forn #m,
bp(P2nt1,Pani1) = (2n +1,2n — 1).

(*]

¢ © 0 ©
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Definitions and Concepts

For positive integers n and m we have:

bp(P2n,Pom) = (N+m —1,n+m — 1),

bp(P2nt1, Pom) = (N +m,n4+m—1)forn>m -1,
bp(Pans1,Pom) =(N+m—1n+m—1)forn<m—1,
bp(P2n+1,P2m+1) = (N+m,n+m — 1) for n # m,
bp(P2nt1,Pani1) = (2n +1,2n — 1).

(*]

¢ © 0 ©

v

(Henning, Joubert) For s sufficiently large,
bp(Cas, Pa2s) = (25 — 1,25 — 1).
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Statement of main Lemma and result

Let s > 18 be an integer. If a blue-red coloring of the edges of
Kas,2s—1 results in a red copy of Cys_», then there either exists a
red copy of C, or a blue copy of Cog.
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Statement of main Lemma and result

Lemma

Let s > 18 be an integer. If a blue-red coloring of the edges of
Kas,2s—1 results in a red copy of Cys_», then there either exists a
red copy of C, or a blue copy of Cog.

v

If s is an integer such that s > max{18, (b(Csz4,C34) + 1)/2},
then by (Cys) = (25,25 — 1).
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Proof of main result
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25 —1>Db(C3,Cs) = Gr=Cyq =—=17<q<s-1
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Proof of main result
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Coq+1) = 18 < g+ 1 <s=>Pick Cpq in Gg, where 19 < g <q’' <s-1
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Proof of main result
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Lower bound coloring Part 1.
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Proof of main result
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Proof of main result

Letu,v € S,u’,v’ € S — {u,v}and |T| > 4. For the graph G, the following holds:

Q If|T| —1>k+1,|S|+k > |T|, and every vertex in S has at least |T| — 1 neighbors in T,
then for the set Zl, there exists au — v path on 2 |T| — 1 + 2k vertices.

Q If|S| > |T| — 1, and every vertex in S has at least |T | — 1 neighbors in T, then there exists
acycleon 2 |T| — 2 vertices.

Q If|Z4| = 2 (Zo # 0, repsectively), [S| +2 > |T| — 1(IS|+1>|T|—1,resp), |T| > 6,
and every vertex in S has at least |T| — 1 neighbors in T, then there exists a cycle on
2|T| + 2 vertices.

Q IfT| > k + 3 |S| +k —1 > |T|, every vertex in S has at least |T| — 1 neighborsin T,
and u’ and v’ both have |T | neighbors in T, then for the set Z; there exists a u — v path on
2|T| + 1 + 2k vertices.

Q IfIT|—1>k+2,|S|+k-+1>|T|andevery vertex in S has at least |T| — 1 neighbors
in T, then for the set Z; and the path P’, there exists a u — v path on
2|T| — 1+ 2k + £ — 1 vertices.

Q If|T| >k+4,|S|+k+1>|T|+1,every vertex in S has at least |T| — 1 neighbors in T,
and u’ and v’ both have |T | neighbors in T, then for the set Z; and the path P’ there exists
au —vpathon2|T|+ 2k + ¢ vertices.

Q If|T| >8,|S|+k > |T| -2k € {0,1}, and, ifk = 1, the vertices z; and z{ are joined to
atleast |T| — 2 neighbors in T, then there exists au — v path on 2 |T| — 5 + 2k vertices.
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Proof of main result
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Proof of main result
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Construction illustration.
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Proof of main result
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Proof of main result
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There existsau —v pathon 2 |T| — 1+ 2k + ¢ — 1 vertices.
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Proof of main result

Letu,v € S and |T| > 3. There exists a u — v path, that
alternates between the sets SUS; US, and TUT, UT, U {z},
on2|T|—1+k + ¢ vertices.
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Proof of main result

Lemma 4:

Let S’ and T’ be the partite sets of a bipartite graph, where, for
some integer k' > 0, [S'| —k’ > |T’|. If each vertex in S’ has
more that k’ neighbors in T’, then there exists k’ + 1 disjoint
copies of Ky , where each copy has its central vertex (two end
vertices, resp.) in T’ (S’, resp.).
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Proof of main result

Lemma 5:

Letx e L (y € Y, resp.) be a vertex that has exactly t blue
neighbors in W (U, resp.), such that t is as small as possible. In
Gg, there exists aset U; C U (W; C W, resp.) such that

U] =s—1—-t (W] =s—-1-t,resp)and,if U] >1

(IW31| > 1, resp.), every vertex in Y (L, resp.) has |U;| — 1

(IW1| — 1, resp.) blue neighbors in U; (W, resp.), or a Cog
exists in Gg.
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Proof of main result

Lemma 6:
Letx € L (y € Y, resp.) be a vertex that has exactly t blue
neighbors in W (U, resp.), such that t is as small as possible. If
U] > 1 (|Wy| > 1, resp.), then, in Gg, ify’ € Y (X’ € L, resp.) is
a vertex not adjacent to x (y, resp.), theny’ (x’, resp.) must be
adjacent to all vertices in U; (W4, resp.), or a Cyg exists in Ggr.
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In addition, we can prove that Gg (L U Y') has three disjoint K;'s.
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Proof of main result

lllustration using a single case

o Consider a blue-red-coloring of G = Kjys »s_1 such that Gg
has a C,s_». Define the sets U = £(G) NV (C),
W =R(G)NV(C),L=L(G)—-Uand¥Y =R(G) —W.

Ernst J. Joubert and Johannes H. Hattingh Bipartite Ramsey Number Pairs Involving Cycles



Proof of main result

lllustration using a single case

o Consider a blue-red-coloring of G = Kjys »s_1 such that Gg
has a C,s_». Define the sets U = £(G) NV (C),
W =R(G)NV(C),L=L(G)—-Uand¥Y =R(G) —W.

o Pickx € L (y € Y, resp.) with t (t’, resp.) blue neighbors in
W (U, resp.), such that t (t/, resp.) is as small as possible.
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Proof of main result

lllustration using a single case

o Consider a blue-red-coloring of G = Kjys »s_1 such that Gg
has a C,s_». Define the sets U = £(G) NV (C),
W =R(G)NV(C),L=L(G)—-Uand¥Y =R(G) —W.

o Pickx € L (y € Y, resp.) with t (t’, resp.) blue neighbors in
W (U, resp.), such that t (t/, resp.) is as small as possible.

o Sets U; and Wy exist such that every vertex in Y (L, resp.)
is adjacent to |U;| — 1 (JWq| — 1, resp.) vertices in Uy (W,
resp.).
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Proof of main result

lllustration using a single case

o Consider a blue-red-coloring of G = Kjys »s_1 such that Gg
has a C,s_». Define the sets U = £(G) NV (C),
W =R(G)NV(C),L=L(G)—-Uand¥Y =R(G) —W.

o Pickx € L (y € Y, resp.) with t (t’, resp.) blue neighbors in
W (U, resp.), such that t (t/, resp.) is as small as possible.

o Sets U; and Wy exist such that every vertex in Y (L, resp.)
is adjacent to |U;| — 1 (JWq| — 1, resp.) vertices in Uy (W,
resp.).

o Note that |U;] =s—1—tand [W;|] =s —1—t'. Define
Wy, =W — W, and U, = U — U;.
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Proof of main result

@ For convenience, let X be a subset of L with s vertices
such that X contains x and Gg (X U Y') contains the three
disjoint Ky’s.
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Proof of main result

@ For convenience, let X be a subset of L with s vertices
such that X contains x and Gg (X U Y') contains the three
disjoint Ky’s.

o For illustration purposes, we will consider only a tiny part of
one of the three main cases. We will also only consider s
to be even:
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Proof of main result

@ For convenience, let X be a subset of L with s vertices
such that X contains x and Gg (X U Y') contains the three
disjoint Ky’s.

o For illustration purposes, we will consider only a tiny part of

one of the three main cases. We will also only consider s
to be even:

@ Case 1. There exists integers i,j > 1, such that
t=|s/2|+iandt' = |s/2| +]:
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Proof of main result

@ For convenience, let X be a subset of L with s vertices
such that X contains x and Gg (X U Y') contains the three
disjoint Ky’s.

o For illustration purposes, we will consider only a tiny part of

one of the three main cases. We will also only consider s
to be even:

@ Case 1. There exists integers i,j > 1, such that
t=|s/2|+iandt' = |s/2| +]:

lUj]=s—1—-t=s/2—-1—1i,|Uy| =t=5s/2+1i,
Wil=s—-1—-t'=s/2—1—jand |Wy| =t =s/2+]
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o9 Casell.s/2—j—2>]+2:
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Proof of main result

0 Casell.s/2—j—2>j+2:
0 Casell2.s/2—-i—-2<i+2:
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Proof of main result

o9 Casell.s/2—j—2>]+2:

0 Casell2.s/2—-i—-2<i+2:
0s/4-2<i
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SetS" =Y — {yl,yz}, T = U, andk” =1
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SetS”" =Y —{y,y}, T"=Uyandk” =1 = Asi >s/4 —2ands > 18,
yeY= . . o
degy,(y') > degy(y) — Ui = [s/2] +j - ([s/2] =i = 1) >i+]>2
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SetS" =Y —{y1,y2}, T"=Uzandk”" =1= Asi >s/4—-2ands > 18,
yl GY:> . . . .
degy,(y') > degy(y) — [Usl = [s/2] +] = ([s/2] —i-1) 2i+] =22 =Y’

has more than one neighbor in T”
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has more than one neighbor in T”
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lUj|=s—-1-t>3=

Ernst J. Joubert and Johannes H. Hattingh Bipartite Ramsey Number Pairs Involving Cycles



Proof of main result

X; O oY1
X2 O OY>,
0 o’y
o S Y
| :
X5 o
o o
o o
_ L 8 8 J _
U 0 o Wy
o o
: :
U L o o J w
) o
: :
U, o o W,
0 o
L Lo o ] i
£(G) R(G)

Ui]=s—1-t>3=1|S"|-k"=s-3>t=1s/2|+i=|T"=
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Ui]=s—1—-t>3=1S"|—k"=s—-3>t=s/2|+i=|T"| = there
exists k” + 1 = 2 copies of K; » with respective central vertices in U, and
respective end vertices in Y — {y1,y2}
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exists k” + 1 = 2 copies of K; » with respective central vertices in U, and
respective end vertices in Y — {y1,y2}
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The z construction is satisfied so there exists a 'y, — y; path P’ that has
2|U1] —1+k+£¢=2(s/2—i—-1)—1+3+3=s—2i + 3 vertices
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The z construction is satisfied so there exists a 'y, — y; path P’ that has
2|U1] —1+k+£¢=2(s/2—i—-1)—1+3+3=s—2i + 3 vertices
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For every X’ € X — {X,Xq,X2} =
degyy, (x') > degy (x) = Wil =t —s+t/ +1>i+j=
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Proof of main result

o 4 |
gc //g)’z,
o oy
[e] o]
X 9 Y
x8<
o 5
[ U r §'/ V 8 7 W N
1 gé 8 1
o
oS S
o o
U2 y § WZ
L L (o] i _]
L(G) R(G)

For every X’ € X — {X,Xq,X2} =
degyy, (x') > degy (x) — [Wi| =t —s+1t'+1>i+j=For
G’ = Gg (X — {X,X1,%2}) we have m(G’) > (s — 3)(i +])
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Proof of main result

Theorem 2:

Let ¢ be a positive non-zero integer and G(S, T) be a bipartite
graph with |T| =aand |S| = b (a < b). If G contains no path
P,, for ¢ > c, then

m(G(S,T)) <
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Let ¢ be a positive non-zero integer and G(S, T) be a bipartite
graph with |T| =aand |S| = b (a < b). If G contains no path
P,, for ¢ > c, then
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Let ¢ be a positive non-zero integer and G(S, T) be a bipartite
graph with |T| =aand |S| = b (a < b). If G contains no path
P,, for ¢ > c, then

ab, ifa<c,
m(G(S,T)) < { be, ifc <a<2c,
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Proof of main result

Theorem 2:

Let ¢ be a positive non-zero integer and G(S, T) be a bipartite
graph with |T| =aand |S| = b (a < b). If G contains no path
P,, for ¢ > c, then

ab, ifa<c,
m(G(S,T)) < { be, ifc <a<2c,
(a+b—-2c)c, ifa>2c.
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For (a+b —2c)c =-define S =X — {x,x3, %2} and T = W, =
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For (a+b — 2c)c =define S = X — {x,x,%x2} and T = W, = Let
b=|X—-{x,x;,x2}|=s—3anda=|W,|=t'=[s/2| +] =
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For (a+b — 2c)c =define S = X — {x,x,%x2} and T = W, = Let
b=|X—-{x,x;,x2}|=s—3anda=|W;,|=t'=[s/2| +j = Pickc=i+j—2
and assume G’ has no path on 2(i +j — 1) vertices =

Ernst J. Joubert and Johannes H. Hattingh Bipartite Ramsey Number Pairs Involving Cycles



Proof of main result
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For (a+b — 2c)c =define S = X — {x,x,%x2} and T = W, = Let
b=|X—-{X,x;,X2}]=s—3anda=|W,| =t =|s/2| +]j = Pickc=i+j—2
and assume G’ has no path on 2(i +j — 1) vertices = Using calculus, we show
m(G)>(s=3)(i+j)>(0+j—2)(s—3+s/2+]j—2(i +] — 2)), a contradiction
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The graph G’ has a path on 2(i + j — 1) vertices and so has a path P(3), that starts
and ends in X — {X,X3,X2}, on 2(i +j) — 3 vertices =
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The graph G’ has a path on 2(i + j — 1) vertices and so has a path P(3), that starts
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The graph G’ has a path on 2(i + j — 1) vertices and so has a path P(3), that starts
and ends in X — {X,X3,X2}, on 2(i +j) — 3 vertices =—> We can also show again that
G’ — V(P(3)) has two disjoint K; »'s
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The graph G’ has a path on 2(i + j — 1) vertices and so has a path P(3), that starts
and ends in X — {X,X3,X2}, on 2(i +j) — 3 vertices =—> We can also show again that
G’ — V(P(3)) has two disjoint K; »'s
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By Lemma there exists an x; — X, path P on
2|Wp|—1+4+2k+n(P(3))—1=2(s/2—j—1)—1+22+2(i+j)—3—-1=s+2i—3
==
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By Lemma there exists an x; — X, path P on
2|Wp|—1+4+2k+n(P(3))—1=2(s/2—j—1)—1+22+2(i+j)—3—-1=s+2i—3
— The sequence of vertices P,P’ formacycleons +2i —3+s—2i +3 =2s
vertices
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By Lemma there exists an x; — X, path P on
2|Wp|—1+4+2k+n(P(3))—1=2(s/2—j—1)—1+22+2(i+j)—3—-1=s+2i—3
— The sequence of vertices P,P’ formacycleons +2i —3+s—2i +3 =2s
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