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Preamble

Preamble

In this talk we study the new extended Kadomtsev-Petviashvili (eKP)
equation [1]

6uuxx −
1
4
α2utt + βutx + utx + αuty + 6ux

2 + uxxxx − uyy = 0. (1)

(1) We first compute its Lie point symmetries.

(2) We then present group-invariant solutions of the equation.

(3) Moreover, we derive conservation laws of the equation.

(4) Finally, Concluding remarks are presented.
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Introduction

Introduction

The standard KP equation reads

(ut + 6uux + uxxx )x + uyy = 0. (2)

It is one of the most extensively researched integrable equations in

(2+1)-dimensions.

It was proposed to deal with slowly varying perturbation wave in
dispersion media.

KP equation has soliton solutions through the inverse scattering
transform.
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Introduction

Lie point symmetries
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Solutions

Lie point symmetries

eKP equation (1) admits the one-parameter Lie group of

transformations with infinitesimal generator (Olver 1993)

X = τ(t , x , y ,u)
∂

∂t
+ ξ(t , x , y ,u)

∂

∂x
+ ψ(t , x , y ,u)

∂

∂y
+ η(t , x , y ,u)

∂

∂u
,

if and only if

X[4]∆|∆=0 = 0, (3)

where

∆ ≡ 6uuxx −
1
4
α2utt + βutx + utx + αuty + 6u2

x + uxxxx − uyy ,
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Solutions

and

X[4] = X + ζx
∂

∂ux
+ ζtx

∂

∂utx
+ ζty

∂

∂uty
+ ζtt

∂

∂utt
+ ζxx

∂

∂uxx
+ ζyy

∂

∂uyy

+ ζxxxx
∂

∂uxxxx
.

Here ζx , ζtx , ζty , ζtt , ζxx , ζyy and ζxxxx are determined by

ζt = Dt (η)− utDt (τ)− uxDt (ξ)− uyDt (ψ),

ζx = Dx (η)− utDx (τ)− uxDx (ξ)− uyDx (ψ),

ζtx = Dx (ζt )− utxDx (τ)− uxxDx (ξ)− uxyDx (ψ),

ζty = Dy (ζt )− utyDy (τ)− uxyDy (ξ)− uyyDy (ψ), (4)
ζxx = Dx (ζx )− utxDx (τ)− uxxDx (ξ)− uxyDx (ψ),

ζtt = Dt (ζt )− uttDt (τ)− utxDt (ξ)− utyDt (ψ),

ζyy = Dy (ζy )− utyDy (τ)− uxyDy (ξ)− uyyDy (ψ),

ζxxxx = Dx (ζxxx )− utxxxDx (τ)− uxxxxDx (ξ)− uxxxyDx (ψ),
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Solutions

where Dt , Dx and Dy are the total derivatives described as

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ · · · , (5)

Dy =
∂

∂y
+ uy

∂

∂u
+ uyy

∂

∂uy
+ uty

∂

∂ut
+ · · · .
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Solutions

Expanding equation (3) and splitting it on derivatives of u gives

τx = 0, τu = 0, ξu = 0, ψx = 0, ψu = 0, ηuu = 0, 2ηxu − 3ξxx = 0,
2τy + 2αξx − ατt = 0,2ξy − αξt − (β + 1)ψt = 0,
αηu − 4τy + 2α (τt − ξx ) = 0, α (−2ψy + 2τt + αψt )− 4τy = 0,
8ηyu − 4ψyy − α (4ηtu − 4ψty + αψtt ) = 0,

α
(
ξtα

2 − 2ξyα− 2(β + 1)ξx + 2βτt + 2τt

)
− 8(β + 1)τy = 0, (6)

6αη − 24uτy − α (12uξx − 5ξxxx − 12uτt + βξt + ξt ) = 0,

4ηtyα− ηttα
2 − 4ηyy + 24uηxx + 4ηxxxx + 4βηtx + 4ηtx = 0,

τttα
2 − 2ηtuα

2 + 4ηyuα− 4τtyα + 4τyy + 6βξxx + 6ξxx = 0,

ξttα
2 − 4ξtyα + 4ξyy + 48ηx + 48uξxx + 20ξxxxx + 4βηtu

+ 4ηtu − 4βξtx − 4ξtx = 0.
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Solutions

Thus solving the above system of PDEs yields

X1 =
∂

∂t
,

X2 =
∂

∂x
,

X3 =
∂

∂y
,

X4 = 6α2t
∂

∂t
+
(

3α2x − 6βt − 6t
) ∂

∂x
+
(

6αt + 9α2y
) ∂

∂y

−
(
β2 + 2β + 6α2u + 1

) ∂

∂u
,

X5 =
(

24αt2 + 12α2ty
) ∂

∂t
+
(

12αtx − 12βty − 12ty + 6α2xy
) ∂

∂x

+
(

12αty − 12t2 + 9α2y2
) ∂

∂y
+
(

2αβx − 24αtu − 12α2uy

+2αx − 2β2y − 4βy − 2y
) ∂

∂u
.

The Lie point symmetries X1, X2 and X3 represent translation
symmetries.
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Solutions

Group-Invariant Solutions and
Symmetry reductions
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Solutions

Construction of Group-invariant solutions

Case 1. Case 1. We consider a linear combination

X = X1 + aX2 + bX3, (7)

where a and b are coefficients of X2 and X3.

X yields the following three invariants

p = x − at , q = y − bt , u = Φ(p,q). (8)

These invariants reduced equation (1) into a NLPDE of the form

Φpppp −
(

a +
1
4
α2a2 + aβ

)
Φpp + 6ΦΦpp −

(
b + aα + bβ +

1
2

abα2
)

Φpq + 6Φ2
p

−
(

1 +
1
4

b2α2 + bα
)

Φqq = 0, (9)
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Solutions

where Φ is a function of p and q. Equation (9) have the following
symmetries:

Γ1 =
∂

∂p
, Γ2 =

∂

∂q
,

Γ3 =
{

3(bα + 2)2p + (3abα2 + 6aα + 6bβ + 6b)q
} ∂

∂p

+ 6(bα + 2)2q
∂

∂q
+
(

2abαβ − 6b2α2u − b2β2 − 2b2β − b2

−24bαu + 2abα + 4aβ − 24u)
∂

∂Φ
.

Linear combination of translation symmetries Γ1 and Γ2, written as

Γ = Γ1 + cΓ2. (10)
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Solutions

Solving the Lie characteristic equations associated with (10) we obtain
two invariants

z = q − cp, Φ = Ψ(z), (11)

which reduce equation (9) to the fourth order NLODE

c4Ψ′′′′(z) + AΨ′′(z) + 6c2
{

Ψ′
2
(z) + Ψ(z)Ψ′′(z)

}
= 0 (12)

with z = (ac − b)t − cx + y .

Integrating the resultant NLODE, we have

1
2

c4Ψ′
2

+
1
2

AΨ2 + c2Ψ3 + k1Ψ + k2 = 0, (13)

where k2 is an integration constant.
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Solutions

Solution of 1 by direct integration

We find the solution of (1) and express it in terms of the Jacobi elliptic
function. To gain this solution, we focus on the NLODE (13). Firstly, we
rewrite (13) in the form

Ψ′
2

+
2
c2 Ψ3 +

A
c4 Ψ2 +

2k1

c4 Ψ +
2k2

c4 = 0. (14)

Suppose that v1, v2 and v3 are real roots (v1 > v2 > v3) of the cubic
equation

Ψ3 +
A

2c2 Ψ2 +
k1

c2 Ψ +
k2

c2 = 0 (15)

that satisfy the conditions

v1v2v3 = −k2

c2 , v1v2 + v1v3 + v2v3 =
k1

c2 , v1 + v2 + v3 = − A
2c2 ,

then equation (14) is written as
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Solutions

Ψ′
2

= − 2
c2 (Ψ− v1)(Ψ− v2)(Ψ− v3). (16)

Hence, (16) has the solution

Ψ(z) = v2 + (v1 − v2) cn2

{√
v1 − v3

2c2 (z − z0)

∣∣∣∣K 2

}
,K 2 =

v1 − v2

v1 − v3
,

(17)
where z0 is a constant and cn is the Jacobi cosine function. Thus by
reverting to the original variables, we obtain the solution of (1) as

u(t , x , y) = v2 + (v1 − v2) cn2

{√
v1 − v3

2c2 (z − z0)

∣∣∣∣K 2

}
,K 2 =

v1 − v2

v1 − v3
,

(18)
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Solutions

Figure 1. demonstrates the solution (18) for the values a = −4,b =
−0.2, c = 1.6, t = −14, v1 = 60, v2 = 20.05, v3 = −60, z0 = 0.

Figure: The 3D and 2D solution profiles of (18).
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Solutions

Kudryashov’s method

We now solve the fourth order NLODE (12) using the Kudryashov’s
technique. To utilize the method, we begin by assuming the solution of
(12) to be of the form

Ψ(z) =
M∑

i=0

aiY i(z), (19)

where Y (z) satisfies the Riccati equation

Y ′(z) = Y 2(z)− Y (z) (20)

whose solution is
Y (z) =

1
1 + ez . (21)

Applying the balancing procedure to (12), we get M = 2. Thus, the
solution (19) can be written as

Ψ(z) = a0 + a1Y (z) + a2Y 2(z). (22)
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Solutions

Substituting the value of Ψ(z) into equation (12) and making use of
(20), we get

c4a1Y (z) + Aa1Y (z) + 72 c2a1Y 5(z)a2 − 126 c2a1Y 4(z)a2

+ 54 c2a1Y 3(z)a2 + 12 c2a1Y 3(z)a0 − 18 c2a1Y 2(z)a0

+ 6 c2a1Y (z)a0 + 36 c2a2Y 4(z)a0 − 60 c2a2Y 3(z)a0 − 3 Aa1Y 2(z)

+ 24 c2a2Y 2(z)a0 − 60 c4a1Y 4(z) + 24 c4a1Y 5(z)− 15 c4a1Y 2(z)

+ 50 c4a1Y 3(z) + 120 c4a2Y 6(z)− 336 c4a2Y 5(z)− 30 c2a1
2Y 3(z)

(23)

+ 330 c4a2Y 4(z)− 130 c4a2Y 3(z) + 16 c4a2Y 2(z) + 2 Aa1Y 3(z)

+ 6 Aa2Y 4(z)− 10 Aa2Y 3(z) + 4 Aa2Y 2(z) + 18 c2a1
2Y 4(z)

+ 12 c2a1
2Y 2(z) + 60 c2a2

2Y 6(z)− 108 c2a2
2Y 5(z)

+ 48 c2a2
2Y 4(z) = 0.
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Solutions

After splitting (23) with respect to the like powers of Y (z), we have

Y 6(z) : 2 c4a2 + c2a2
2 = 0,

Y 5(z) : 2c4a1 − 24 c4a2 + 6 c2a1a2 − 9 c2a2
2 = 0, (24)

Y 4(z) : 55 c4a2 − 10 c4a1 + 6 c2a0a2 + 3 c2a1
2 − 21 c2a1a2 + 8 c2a2

2 + Aa2 = 0,

Y 3(z) : 25 c4a1 − 65 c4a2 + 6 c2a0a1 − 30 c2a0a2 − 15 c2a1
2 + 27 c2a1a2

+ Aa1 − 5 Aa2 = 0,

Y 2(z) : 16 c4a2 − 15 c4a1 − 18 c2a0a1 + 24 c2a0a2 + 12 c2a1
2 − 3 Aa1 + 4 Aa2 = 0,

Y (z) : c4a1 + 6 c2a0a1 + Aa1 = 0.
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Solutions

a0 = −c4 + A
c2 , a1 = 2 c2, a2 = −2 c2. (25)

Thus the solution (22) is written as

Ψ(z) = −c4 + A
c2 +

2 c2

1 + ez − 2 c2
(

1
1 + ez

)2

.

Therefore, reverting to the original variables, we get

u(t , x , y) = −c4 + A
c2 +

2 c2

1 + ez − 2 c2
(

1
1 + ez

)2

, (26)

where z = (ac − b)t − cx + y
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Solutions

Figure: The 3D and 2D solution profiles of (26).

Figure 2. demonstrates the solution (26) for the values
a = 0.9,b = 1.5, c = −1,A = 1, t = 1, y = 3.
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Conservation laws

Conservation laws
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Conservation laws

Ibragimov’s theorem

We now construct conservation laws for the eKP equation (1) by
employing the Ibragimov’s theorem. Firstly we write the adjoint

equation in the form

F ∗ ≡ δ

δu

{
v
(

6uuxx −
1
4
α2utt + βutx + utx + αuty + 6u2

x + uxxxx − uyy

)}
= 0,

(27)
Expanding (27), we obtain the adjoint equation as

6vxxu − 1
4
α2vtt + (β + 1)vtx + αvty + vxxxx − vyy = 0. (28)

Equation (1) and its adjoint (28) have a second-order Lagrangian

L = v
(
6uuxx −

1
4
α2utt + βutx + utx +αuty + 6ux

2− uyy
)

+ vxxuxx . (29)

Applying Ibragimov’s theorem [2], we deduce that conserved vectors
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Conservation laws

C i = ξiL+ Wα

[
∂L
∂uαi

− Dj
∂L
∂uαij

+ DjDk

(
∂L
∂uαijk

)
+ · · ·

]

+ Dj(Wα)

[
∂L
∂uαij

− Dk
∂L
∂uαijk

+ · · ·

]
+ DjDk (Wα)

∂L
∂uijk

+ · · · , (30)

where Wα = ηα − ξjuαj , α = 1, . . . ,m is the Lie characteristic function
and L is the Lagrangian.
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Conservation laws

We have five cases.
Case1. Let us consider Lie point symmetry X1.
The Lie characteristic functions are W 1 = −ut and W 2 = −vt . Hence
the conserved vector corresponding to the Lie point symmetry X1 is

Ct
1 =

1
2
αutyv +

1
2
βutxv + 6ux

2v − uyyv + 6uxxuv +
1
2

utxv − 1
4
α2utvt

+
1
2
βutvx +

1
2

utvx +
1
2
αutvy + uxxvxx ,

Cx
1 = 6utvxu − 1

2
βuttv − 6utuxv − 6utxuv − 1

2
uttv +

1
2
βutvt

+ utvxxx + vtuxxx − vxxutx − uxxvtx +
1
2

utvt ,

Cy
1 =

1
2
αutvt −

1
2
αuttv + utyv − utvy .
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Conservation laws

Case 2. For symmetry X2 = ∂/∂x , the Lie characteristic functions are
W 1 = −ux and W 2 = −vx . Hence the conserved vector
corresponding to the Lie point symmetry X2 is

Ct
2 =

1
4
α2utxv − 1

2
αuxyv − 1

2
βuxxv − 1

2
uxxv − 1

4
α2vtux +

1
2
βuxvx

+
1
2
αuxvy +

1
2

uxvx ,

Cx
2 =αutyv +

1
2
βutxv − uyyv + 6uxvxu +

1
2

utxv +
1
2

vtux −
1
4
α2uttv

+
1
2
βvtux − uxxvxx + uxxxvx + uxvxxx ,

Cy
2 = uxyv − 1

2
αutxv +

1
2
αvtux − uxvy .
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Conservation laws

Case 3. For symmetry X3 = ∂/∂y , the Lie characteristic functions are
W 1 = −uy and W 2 = −vy . Hence, the conserved vector
corresponding to the Lie point symmetry X3 is

Ct
3 =

1
4
α2utyv − 1

2
αuyyv − 1

2
βuxyv − 1

2
uxyv − 1

4
α2vtuy +

1
2
βuyvx

+
1
2

uyvx +
1
2
αuyvy ,

Cx
3 = 6uyvxu − 1

2
βutyv − 6uxuyv − 6uxyuv − 1

2
utyv +

1
2
βvtuy +

1
2

vtuy

− uxxvxy + uxxxvy − vxxuxy + uyvxxx ,

Cy
3 =

1
2
αutyv − 1

4
α2uttv + βutxv + 6ux

2v + 6uxxuv + utxv +
1
2
αvtuy

+ uxxvxx − uyvy .
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Conservation laws

Case 4. For symmetry

X4 = 6α2t
∂

∂t
+
(

3α2x − 6βt − 6t
) ∂

∂x
+
(

6αt + 9α2y
) ∂

∂y

−
(
β2 + 2β + 6α2u + 1

) ∂

∂u
,

the Lie characteristic function is

W 1 = −
(
β2 + 2β + 6α2u + 1

)
− 6α2tut −

(
3α2x − 6βt − 6t

)
ux

−
(

6αt + 9α2y
)

uy ,

and

W 2 = −
(
β2 + 2β + 6α2v + 1

)
− 6α2tvt −

(
3α2x − 6βt − 6t

)
vx

−
(

6αt + 9α2y
)

vy .
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Conservation laws

Hence the conserved vector corresponding to the Lie point symmetry
X4 is

Ct
4 = 3α4vut −

3
2
α4uvt −

9
4
α4yuyvt −

3
4
α4xuxvt −

3
2
α4tutvt +

9
4
α4yvuty

+
3
4
α4xvutx − 6α3vuy + 3α3uvy +

9
2
α3yuyvy −

9
2
α3yvuyy

− 3
2
α3xvuxy + 3α3tvyut −

3
2
α3tuyvt +

9
2
α3tvuty + 36α2tvux

2

− 9α2tvuyy − 6βα2vux − 6α2vux + 3βα2uvx + 3α2uvx +
9
2
α2yuyvx

+
9
2
α2βyuyvx +

3
2
α2xuxvx +

3
2
α2βxuxvx −

9
2
α2yvuxy
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Conservation laws

− 3
2
βα2xvuxx + 36α2tuvuxx + 6α2tuxxvxx + 3α2tvxut + 3βα2tvxut

− 1
4
β2α2vt −

1
2
βα2vt +

3
2
α2tuxvt +

3
2
βα2tuxvt −

1
4
α2vt +

3
2
α2tvutx

+
3
2

tβα2vutx +
1
2
β2αvy + βαvy +

1
2

vyα− 3αtvyux − 3tβαvyux

+ 3αtuyvx + 3βαtuyvx +
1
2
β3vx +

3
2
β2vx +

3
2
βvx − 3β2tuxvx − 3tuxvx

− 6βtuxvx +
1
2

vx + 3β2tvuxx + 3tvuxx + 6βtvuxx −
3
2
α2xvuxx

+
3
2
α3xvyux + 3α2tuyvy ,
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Conservation laws

Cx
4 = 3α3xvuty −

3
4
α4xvutt − 3α2xvuyy − 90α2uvux − 54α2yvuyux

+ 36α2u2vx + 18α2xuuxvx − 54α2yuvuxy − 3α2vxuxx

− 9α2uxvxx − 9α2yuxyvxx − 3α2xuxxvxx + 9α2yvyuxxx

+ 6α2uvxxx + 9α2yuyvxxx + 3α2xuxvxxx − 6βα2vut − 6α2vut

− 36α2tvuxut + 36α2tuvxut + 6α2tvxxxut + 3βα2uvt + 3α2uvt

+
9
2
βα2yuyvt +

3
2
α2xuxvt +

3
2
βα2xuxvt + 6tuxxxvtα

2 + 3tutvtα
2

− 9
2
α2yvuty −

9
2
βα2yvuty +

3
2
α2xvutx +

3
2
βα2xvutx − 36α2tuvutx

− 3
2
α2tvutt −

3
2
βα2tvutt − 3βαvuy − 3αvuy − 36αtvuyux
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Conservation laws

− 6αtvxyuxx − 6αtuxyvxx + 6αtvyuxxx + 6αtuyvxxx + 3αtuyvt

+ 6tvuyy + 6βtvuyy − 3β2vux − 6βvux − 3vux + 6β2uvx + 12βuvx

− 36tuuxvx − 36βtuuxvx + 6tuxxvxx + 6βtuxxvxx − 6tvxuxxx − 6βtvxuxxx

+ 2βvxxx − 6tuxvxxx − 6βtuxvxxx + vxxx +
1
2
β3vt +

3
2
β2vt +

3
2
βvt

− 3tuxvt − 6βtuxvt +
1
2

vt − 3β2tvutx − 3tvutx − 6βtvutx − 9βαtvuty

− 6α2tuxxvtx + 3βα2tutvt + 54α2yuuyvx + β2vxxx − 9αtvuty

− 36αtuvuxy − 6α2tvxxutx − 3β2tuxvt + 6uvx − 9α2yvxyuxx

+ 3α2xvxuxxx +
9
2
α2yuyvt + 36αtuuyvx + 3βαtuyvt ,
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Conservation laws

Cy
4 = 3α3uvt −

9
4
α4yvutt − 6α3vut +

9
2
α3yuyvt +

3
2
α3xuxvt + 3α3tutvt

− 3
2
α3xvutx −

9
2
α3tvutt + 54α2yvu2

x + 12α2vuy − 6α2uvy

+ 3α2xvuxy + 54α2yuvuxx + 9α2yuxxvxx − 6α2tvyut + 3α2tuyvt

+ 9α2tvuty + 9α2yvutx + 9βα2yvutx + 36αtvu2
x − 6αtuyvy

+ 36αtuvuxx + 6αtuxxvxx +
1
2
β2αvt + βαvt − 3αtuxvt − 3tβαuxvt

+ 9αtvutx + 9βαtvutx − β2vy − 2βvy − vy + 6tvyux + 6βtvyux

− 3α2xvyux +
9
2
α3yvuty + 3αvux − 9α2yuyvy − 6tβvuxy

+
1
2
αvt + 3βαvux − 6tvuxy .
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Case 5. Finally for the symmetry

X5 =
(

24αt2 + 12α2ty
) ∂

∂t
+
(

12αtx − 12βty − 12ty + 6α2xy
) ∂

∂x

+
(

12αty − 12t2 + 9α2y2
) ∂

∂y
+
(

2αβx − 24αtu − 12α2uy

+2αx − 2β2y − 4βy − 2y
) ∂

∂u
,

the Lie characteristic function is

W 1 =
(

2αβx − 24αtu − 12α2uy + 2αx − 2β2y − 4βy − 2y
)
−
(

24αt2

+12α2ty
)

ut −
(

12αtx − 12βty − 12ty + 6α2xy
)

ux − (12αty

−12t2 + 9α2y2
)

uy ,
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and

W 2 =
(

2αβx − 24αtv − 12α2vy + 2αx − 2β2y − 4βy − 2y
)
−
(

24αt2

+12α2ty
)

vt −
(

12αtx − 12βty − 12ty + 6α2xy
)

vx − (12αty

−12t2 + 9α2y2
)

vy .

Hence the conserved vector corresponding to the Lie point symmetry
X5 is

Ct
5 = 6α4yvut − 3α4yuvt −

9
4
α4y2uyvt −

3
2
α4xyuxvt − 3α4tyutvt

− 12α3yvuy + 6α3yuvy +
9
2
α3y2uyvy −

9
2
α3y2vuyy + 3α3xyvyux

+ 6α3tyvyut +
1
2
α3xvt +

1
2
α3βxvt − 6α3tuvt − 3α3tyuyvt

− 3α3txuxvt + 9α3tyvuty + 3α3txvutx + 72α2tyvu2
x − 24α2tvuy
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+ 6α2tyuyvy − 18α2tyvuyy − 12α2yvux − 12α2βyvux + 6α2txvyux

+ 6α2βyuvx +
9
2
α2y2uyvx +

9
2
α2βy2uyvx + 3α2xyuxvx + 3α2βxyuxvx

− 6α2txvuxy −
9
2
α2βy2vuxy − 3α2xyvuxx − 3α2βxyvuxx + 72α2tyuvuxx

+ 12α2tyuxxvxx + 12α2t2vyut + 6α2tyvxut + 6α2βtyvxut −
1
2
α2β2yvt

− α2βyvt + 3α2t2uyvt + 3α2tyuxvt + 3α2βtyuxvt + 9α2t2vuty + 3α2tyvutx

+ 144αt2vu2
x + αβ2yvy + αyvy + 2αβyvy − 6αt2uyvy − 18αt2vuyy

− 6αtyvyux − 6αβtyvyux − β2αxvx − αxvx − 2αβxvx + 12αtuvx

+ 6αβtyuyvx + 6αtxuxvx + 6αβtxuxvx − 6αtxvuxx − 6αβtxvuxx

+ 24αt2uxxvxx + 12αt2vxut + 12αβt2vxut + 12αt2vutx + 12αβt2vutx
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+ yvx + 3βyvx − 6t2uyvx − 6βt2uyvx − 6β2tyuxvx − 6tyuxvx

+ 6t2vuxy + 6βt2vuxy + 6β2tyvuxx + 6tyvuxx + 12βtyvuxx − 12αβtvux

+
3
2
α4xyvutx + 12α3tvut − 6α3t2utvt + 12α2tuvy −

9
2
α2y2vuxy

+ 3α2βtyvutx + 3β2yvx + 144αt2uvuxx −
1
2
α2yvt − 12αtvux

+ 6α2yuvx + β3yvx − 3α3xyvuxy + 6αtyuyvx +
9
4
α4y2vuty + 12βαtuvx

− 12βtyuxvx − α2xvy − α2βxvy ,
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Cx
5 = 6α3xyvuty −

3
2
α4xyvutt − 3α3txvutt − 6α2xyvuyy − 180α2yuvux

+ 72α2yu2vx + 54α2y2uuyvx + 36α2xyuuxvx − 54α2y2uvuxy

− 9α2y2vxyuxx − 18α2yuxvxx − 9α2y2uxyvxx − 6α2xyuxxvxx

+ 12α2yuvxxx + 9α2y2uyvxxx + 6α2xyuxvxxx − 12α2yvut

+ 72α2tyuvxut + 12α2tyvxxxut + 6α2yuvt + 6α2βyuvt +
9
2
α2y2uyvt

+ 3α2xyuxvt + 3α2βxyuxvt + 12α2tyuxxxvt + 6α2tyutvt

+ 12α2txvuty −
9
2
α2βy2vuty + 3α2xyvutx + 3α2βxyvutx

− 72α2tyuvutx + 6α2βtyutvt − 12α2βyvut − 6α2yvxuxx

Mr. Yanga Gaxela Prof. Masood Khalique (NWU)Lie group analysis of the new extended KP equation 07 December 2022 39 / 50



Concluding Remarks

− 12α2tyuxxvtx − 3α2tyvutt − 3α2βtyvutt − 6αyvuy − 6αβyvuy

+ 6αxvux + 6αβxvux − 360αtuvux − 72αtyvuyux + 144tu2αvx

+ 72αtyuuyvx + 72αtxuuxvx − 72αtyuvuxy − 12αtvxuxx − 12αtyvxyuxx

− 36αtuxvxx − 12αtyuxyvxx − 12αtxuxxvxx + 2αvxx + 12αtyvyuxxx

− 2αxvxxx − 2αβxvxxx + 24αtuvxxx + 12αtyuyvxxx + 12αtxuxvxxx

− 144αt2vuxut + 144αt2uvxut + 24αt2vxxxut − αβ2xvt − αxvt

+ 12αβtuvt + 6αtyuyvt + 6αβtyuyvt + 6αtxuxvt + 6αβtxuxvt

+ 12αβt2utvt − 18αtyvuty − 18αβtyvuty + 6αtxvutx + 6αβtxvutx

− 24αt2vxxutx − 24αt2uxxvtx − 12αt2vutt − 12αβt2vutt + 12tvuy

+ 12βtyvuyy − 6β2yvux − 6yvux − 12βyvux + 72t2vuyux + 12β2yuvx
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− 72t2uuyvx − 72tyuuxvx − 72βtyuuxvx + 72t2uvuxy + 12t2vxyuxx

+ 12t2uxyvxx + 12tyuxxvxx + 12βtyuxxvxx − 12t2vyuxxx − 12tyvxuxxx

− 12βtyvxuxxx + 2β2yvxxx + 2yvxxx + 4βyvxxx − 12t2uyvxxx

+ β3yvt + 3β2yvt + yvt + 3βyvt − 6t2uyvt − 6βt2uyvt − 6β2tyuxvt

+ 6t2vuty + 6βt2vuty − 6β2tyvutx − 6tyvutx − 12βtyvutx

− 54α2y2vuyux + 6α2xyvxuxxx − 72α2tyvuxut +
9
2
α2βy2uyvt

− 12α2tyvxxutx − 12αβxuvx + 12αtxvxuxxx − 12βtyuxvxxx + 12αt2utvt

− 12tyuxvxxx + 24βyuvx − 36αβtvut − 12βtyuxvt + 12tyvuyy

+ 2βαvxx + 12αtuvt − 144αt2uvutx − 36αtvut − 12αtxvuyy − 6tyuxvt

+ 12yuvx + 12βtvuy − 2αβxvt + 24αt2uxxxvt + 9α2y2vyuxxx

− 12αxuvx −
9
2
α2y2vuty ,
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Cy
5 = 6α3yuvt −

9
4
α4y2vutt − 12α3yvut +

9
2
α3y2uyvt + 3α3xyuxvt

+
9
2
α3y2vuty − 3α3xyvutx − 9α3tyvutt + 54α2y2vu2

x + 24α2yvuy

− 9α2y2uyvy − 6α2xyvyux + 6α2xyvuxy + 54α2y2uvuxx

− 12α2tyvyut − αxv2
t − α2βxvt + 12α2tuvt + 6α2tyuyvt + 6α2txuxvt

+ 12α2t2utvt + 18α2tyvuty + 9α2y2vutx − 6α2txvutx + 9α2βy2vutx

+ 72αtyvu2
x + 48αtvuy + 2αxvy + 2αβxvy − 24αtuvy − 12αtyuyvy

+ 6αβyvux − 12αtxvyux + 12αtxvuxy + 72αtyuvuxx + 12αtyuxxvxx

+ αβ2yvt + αyvt + 2αβyvt − 6αt2uyvt − 6αtyuxvt − 6αβtyuxvt

+ 18αtyvutx + 18αβtyvutx − 72t2vu2
x + 2β2v + 4βv + 2v − 2β2yvy

− 4yβvy + 12t2uyvy − 12tvux − 12βtvux + 12tyvyux + 12βtyvyux

− 12βtyvuxy − 72t2uvuxx − 12t2uxxvxx − 12t2vutx − 12βt2vutx
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+ 6α3tyutvt − 12α2yuvy − 24α2tvut − 9α2t2vutt + 6αyvux − 24αt2vyut

+ 18αt2vuty − 2yvy − 12tyvuxy + 9α2y2uxxvxx .

Mr. Yanga Gaxela Prof. Masood Khalique (NWU)Lie group analysis of the new extended KP equation 07 December 2022 43 / 50



Concluding Remarks

Case 2. We consider Lie point symmetry X4, namely

X4 = 6α2t
∂

∂t
+
(

3α2x − 6βt − 6t
) ∂

∂x
+
(

6αt + 9α2y
) ∂

∂y
−
(
β2 + 2β+

6α2u + 1
) ∂

∂u
.

whose invariants are

J1 =
α2x + 2t(β + 1)√

tα2
, J2 =

α y + 2 t
t3/2α

,

J3 =

(
6 uα2 + β2 + 2β + 1

)
t

6α2 .

thus 1 is reduced into NLPDE

α2q2Gqq − 7α2qGq − 9α2p2Gpp − 2
(

3α2pq − 8β
α
− 8
α

)
Gpq − 27α2pGp

− 8α2G(p,q) + 96GqqG(p,q) + 96G2
p + 16Gqqqq = 0, (31)
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Case 3. We now consider symmetry X5,

X5 =
(

24αt2 + 12α2ty
) ∂

∂t
+
(

12αtx − 12βty − 12ty + 6α2xy
) ∂

∂x

+
(

12αty − 12t2 + 9α2y2
) ∂

∂y
+
(

2αβx − 24αtu − 12α2uy

+2αx − 2β2y − 4βy − 2y
) ∂

∂u
.

We were unable to find invariants for this symmetry.
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Concluding Remarks

In this presentation we studied the eKP equation.

We first computed the Lie symmetries of the equation.

We obtained symmetry reductions and group-invariant solutions.

Furthermore, we derived the conservation laws for the equation using

the Ibragimov’s theorem.
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