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A functorial presentation of parsers
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Translating unformatted input into some meaningful data structure:

parsing
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The SOFIA Proof Assistant Project

A SOFiA proof:

[[X]=[X]] /L2: self-equate from L1(1).
[[Y]=[X]] /L3: right substitution, L1(3) in L2(1).
CXTOYI[[X1=[Y11:[[Y1=[X11] /L4: synapsis (L1-3).

|:[[X] [YI1[[x]=[Y]] /L1: assumption.
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Monoids over LCGs

The category of embedded LCGs and the parser
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Non-functorial parser for SOFiA

option p = optiont p <I> retura [
optiont p
do vs1 <~ p
ve2 < option
return (va1 ++ ve2)

LegalsymbolChars = ['a'..'2'] 4+ L&' '2'] o+ ['00.19%] 4 [00,0 0,040
"

isValidSyabol :: String -> Bool
isValidSymbol cs = [c | ¢ <- cs, not § elem ¢ legalSymbolChars]

sCharacter :: Parser Char
Character - sat (\x > elen x logalSyabolChars)

specialChar :: Char > Parser Char
specialthar x = sat (= x)

sSyabol :: Parser String

ssynbol =
do x < sCharacter
e < many sCharacter
retumn [y | y < (exe), y 1
SFormulator ©: Parser SofiaTres
sFormulator -
4o many $ specialChar |
specialChar *
E pe:

any § specialChar *
return (nevSofiaTree (1 Tnplication (1)
<I> do many § specialChar

many § Char
return (neusmnm 0 Equatiey 0
<15 do x < ssymbol

oturn (neuSofiaTrse x Syabol [1)

shton :: Parser SofiaTreo
shton

Atos [x))
)

many (spacialChar ' *)
x < sStatement

nany (specialChar ' )

(a) lines 1-52

specialChar ']
many (specilChar
roturn (seySotiaTree
<I> do many (sps
Seciaithar
wony opeciaicnar )
spoctalChar '
many (specialChar
Teturn (nevsotiaTres

Aton [x])

sStatenent 1 Parser SofiaTres
SStatement = do x < sAton

s <= nany o

roturn (nouSofialres " Statement (xixs))
SFormila :: Parser SofisTres

SFormila -
dox < sFormilator;
oy < sStatement;
28 < option
(4o 21 < sFormilator
22 < sstatement
return (21, 22]

do £ < sFormilator

Formila ([x, y] ++ 28 ++ [£1))
Formia ux PR

[ —
22 < sFormilator
return (21, 22]
£ < sStaveneas
exurn (noeBotiaTres =@ Forsula (Gx, y) ++ 28 ++ (1))
IS return (aevgotiaTree ++ Formila (Cx: 280)
Expression :: Parser SofisTres
SExpression -
do x < sFormila
<15 do x < sStatement
tresParss :: String > SofisTres

trecParse x - case parsed of
> nevSofiaTres

[ w0 > neugotialise " ox

fat § head § parsed

Chere parsed - parse sEvprossion x

(b) lines 53-104

Figure: recursive descend parser for SOFiA
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Finite sequences

Definition

A finite sequence of length n over a set X is a function from
{1,...,n} to . We denote the length of a finite sequence s by ||s]|.
The unique sequence of length 0 is denoted by . Given any set ¥, we
denote the set of all finite sequences over ¥ by ¥

Definition
Given finite sequences s;,s, € X" over some set (alphabet) ¥, we define
s @ s, to be the concatenation of s; and s,.
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Definition
A labelled charged graph (LCG) is a tuple (V,E, X, ), c, p):

® (V,E): graph e NV oXh

® c: charge
° Y: alphabet labelling function * p: root
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LCG-isomorphisms

Figure: two LCGs with different underlying vertex-sets but the same structure
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LCG-isomorphisms

Definition
Gl = (Vlv Ela zv >\17 €1, Pl) and G2 = (V27 E2a zv >\27 2, P2) are iSOanfphiC
to each other, if there exists a bijection ¢ : V; — V, such that:

(11) o preserves edges: ¥, yev,[(Varv5) € By &= ((va), 9(vs)) € Ex].
(12) o preserves the length of charges: ||ci|| = |||

(13) ¢ preserves charges: For all i € {1,2,..., |||}, ¢(ci(i)) = (i).
(14) @ preserves labels. For all v € Vi, Al(v) = A (p(v)).

(I5) ¢ preserves roots: w(p1) = po.

We then write G; = G,.
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Concatenation of LCGs

The coincidence relation ~ is an equivalence relation on the disjoint
union of the underlying vertex sets of two LCGs.

Figure: coinciding vertices
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Concatenation of LCGs

Given two LCGs G; and G,, the vertex set of the concatenation G; W G,
is the quotient set (V; U V,)/~.

Figure: concatenating two LCGs
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Monoid “up to isomorphism”

Definition

Let M be a set and let = be an equivalence relation on M and let ® be a
binary operation on M. We say that (M, ®, =) is a monoid up to
isomorphism, if all of the following conditions hold:

(1) Forall a,b,ce M, (a®b)®@c=a® (b®c).
(2) There exists e € M such that forallae M, e® azaz=aQ®e.

Theorem
LCGs over a fixed alphabet X together with concatenation and
LCG-isomorphisms form a monoid up to isomorphism.
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Proof idea

Let G; = (V1, E1, X, A1, 1, 01), Go = (Va, B2, 2, Ao, 3, p2) and
Gz = (V3, E3,%, A3, c3, p3) be LCGs over some fixed alphabet ¥ and let

® (Gl Y G2) Y G3 = (VLa ELaza)‘LacLapL)
® G U (G WG3) = (VR Eg, X, Ag, Cr, PR)

Let ¢ : V| — Vi be defined as follows:

o([(a,v)])

[(Lv))] if Jenl(a,v)]=[(1,[(1,v)])]
=102, [(1,w)D] if F,en[[(av)]=[(1,[(2,v2)]D)] and [[(2,v,)]] = 1]
[(2,[(2,v3)D] if Aev[1[(a,v)]l =1 and [(a,v)] = [(2, v3)]]
Then:
® Show that ¢ is well-defined and an LCG-isomorphism.
® Show that any single node LCG with a label of length 0 is an identity.
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Extending the definitions

We can extend LCG-concatenation to equivalence classes of LCGs:

Lemma

Let Gy, G{, G, be LCGs such that there exists an isomorphism  between
Gy and G, and let 1¢ be the identity isomorphism on G,. Then we can
define isomorphisms 1c W ¢ and ¢ W 1 between G, & G; and G, W G{,
and G, ¥ G, and G, & G, respectively.

Theorem

Let [G],[H] be equivalence classes of LCGs over some fixed alphabet *
and suppose Gy, G, € [G] and H,,H, € [H]. Then
[GwH]=[GuH,]

Corollary

Equivalence classes of isomorphic LCGs together with their concatenation
form a monoid.
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Words

We represent words as equivalence classes of single-vertex LCGs.

Theorem
Words together with their concatenation form a sub-monoid of the
monoid of equivalence classes of LCGs.

Definition
A word [W] is embedded into another word [ W'] if there exist two
words [L] and [R] such that [L]w [W]w[R] = [W'].

o' [C] ot [C] ot = o'
ai

Figure: a word embedded into another word
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The category of embedded LCGs and the parser J
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Embeddings of LCGs

We can extend the notion of embeddings to arbitrary LCGs:

Figure: a general LCG embedded into another LCG

Definition
An LCG G is embedded into another LCG G' if there exist two LCGs L
and R such that [L]w [G]w[R]=[G'].

Theorem
Equivalence classes of isomorphic LCGs together with embeddings form a
category denoted by eLCG(X).

Theorem
Words give rise to a subcategory of eLCG(X), denoted by wLCG(X).
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The free monoid

Theorem (universal property of the free monoid)

in Mon: M(A) -3 N
IM(A)] -5 [w)
in Set: :
'T/
A
Theorem

(X, ®,¢) is the free monoid over ¥.

Theorem

The monoid (wLCG(X )y, ®) is isomorphic to (£, ®). We denote this
isomorphism by ¢.
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We can now define a function f from an alphabet ¥ with two distinct
special elements [ and ] to respectively map [, x € Z \ {[, ]} and ] to
the equivalences classes of the following LCGs:

ki
b 4
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Theorem
Let X be an alphabet with two distinct special elements denoted || and |
and let f : ¥ — eLCG(X), be the function defined as follows:

[eo] ifx=]
f(x) ={[e—=] ifx=]
'x. otherwise

Moreover, let f be the unique monoid llomomorphism fr(A)m
(Z*,®,e) - eLCG(X), such that f = f o and let p=f o ¢.

We can define a functor P : wLCG(X) — eLCG(X) as follows:

Po([W]) = p([W])
P[], [Li], [R], [WR]) = (p([WAD), p([L1]), p([RLD), P([W2]))
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Figure: the parser functor
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“in action”
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Functorial parser for SOFIA

1 data Tree = Vertex [Char] [Tree] deriving Show

2 data LCT = LCT Int Int Tree deriving Show

3

4 (\+/) :: LCT -> LCT -> LCT

5 (\+/) (LCT cal ca2 ta) (LCT cbl cb2 tb) = LCT cl c2 (merge c d ta tb)

6 where ¢ = ca2 - cbl

7 d = min ca2 cbl

8 cl = (max 0 (cbl - ca2)) + cal

9 c2 = (max 0 (ca2 - cbl)) + cb2

10

11 merge :: Int -> Int -> Tree -> Tree -> Tree

12 merge c d (Vertex 11 tsl) (Vertex 12 ts2) =

13 if ¢ < 0 then Vertex 12 ((merge (c + 1) d (Vertex 11 ts1) (head ts2)):(tail ts2))
14 else if ¢ == 0 &% d == 0 then Vertex (11 ++ 12) (tsl ++ ts2)

15 else if ¢ == 0 && d /= O then Vertex (11 ++ 12)

16 ((init ts1) ++ ((merge O (d - 1) (last tsl) (head ts2)):(tail ts2)))

17 else Vertex 11 ((init ts1) ++ [merge (c - 1) d (last ts1) (Vertex 12 ts2)])
18

19 parse :: [Char] -> LCT
20 parse xs = foldl (\+/) (LCT 0 O (Vertex [] [1)) (map f xs)

21 where f x = case x of
22 "[' -=> LCT 0 1 (Vertex "[" [Vertex "" [11)
23 ']'" => LCT 1 0 (Vertex "]" [Vertex "" [11)

o4 _  —>LCT 0 0 (Vertex [x] [1)
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Thank you very much for listening!
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