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1<p<oo
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loc
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0
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Motivating example for bi-continuous semigroups

For n € N we consider on Cy,(R") the following operator

Au(x)::zcm)88 +Zb A

ij=1

D(A):=que [| Wil(R")NCy(R"): Aue Ch(R")

1<p<oo

and the corresponding abstract Cauchy problem

@ For each f € Cp(R") there exists a solution u(t,x) for t >0
@ There exists an operator semigroup (T (t))¢>0 on Cp(R") such that

u(t, x) = (T(£)f)(x)

@ (T(t))e>0 is not strongly continuous on Cy,(R")
-
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The Setting

We start with a Banach space (X, ||-||), together with a locally convex topology 7
(generated by a family &2 of seminorms).

Assumptions (F. Kihnemund)

@ The norm topology is finer than the locally convex topology .
o X is sequentially complete on norm-bounded sets.
e (X, 1) is norming for X, i.e., for all x € X:

x|l = sup [o(x)]

pe(X,T)
lell<1

Examples: Cy,(R) with compact-open topology, -Z(E) with strong operator
topology, X’ with weak*-topology
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Bi-Continuous Semigroups

Definition
A semigroup (T(t))s>0 of bounded operators on a Banach space (X, ||-||) is called

bi-continuous with respect to the locally convex topology 7 if the following
conditions hold:

C. Budde (University of the Free State) 5/21



Bi-Continuous Semigroups

Definition
A semigroup (T(t))s>0 of bounded operators on a Banach space (X, ||-||) is called

bi-continuous with respect to the locally convex topology 7 if the following
conditions hold:

(i) (T(t))e>o is strongly T-continuous

C. Budde (University of the Free State) 5/21



Bi-Continuous Semigroups

Definition
A semigroup (T(t))s>0 of bounded operators on a Banach space (X, ||-||) is called

bi-continuous with respect to the locally convex topology 7 if the following
conditions hold:

(i) (T(t))e>o is strongly 7-continuous, i.e., t — T(t)x is T-continuous for each
x € X.

C. Budde (University of the Free State) 5/21



Bi-Continuous Semigroups

Definition
A semigroup (T(t))s>0 of bounded operators on a Banach space (X, ||-||) is called

bi-continuous with respect to the locally convex topology 7 if the following
conditions hold:

(i) (T(t))e>o is strongly 7-continuous, i.e., t — T(t)x is T-continuous for each
x € X.

(i) IM>1, we RVE>0: || T(t)] < Mewt

C. Budde (University of the Free State) 5/21



Bi-Continuous Semigroups

Definition
A semigroup (T(t))s>0 of bounded operators on a Banach space (X, ||-||) is called

bi-continuous with respect to the locally convex topology 7 if the following
conditions hold:

(i) (T(t))e>o is strongly 7-continuous, i.e., t — T(t)x is T-continuous for each
x € X.

(i) IM>1, weRVt>0: [|[T(t)]| < Me*t
(iii) (T(t))¢>o0 is locally bi-equicontinuous

C. Budde (University of the Free State) 5/21



Bi-Continuous Semigroups

Definition
A semigroup (T(t))s>0 of bounded operators on a Banach space (X, ||-||) is called

bi-continuous with respect to the locally convex topology 7 if the following
conditions hold:

(i) (T(t))e>o is strongly 7-continuous, i.e., t — T(t)x is T-continuous for each

x € X.
(i) IM>1, weRVt>0: [|[T(t)]| < Me*t
(iii) (T(t))¢>o0 is locally bi-equicontinuous, i.e., for every ||-||-bounded sequence

(Xn)nen with x, = 0 we have T(t)x, — 0 uniformly on bounded intervals.
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Examples

Left-translation semigroup on X = Cp(R) defined by (T(t)f)(x) := f(x + t),
t>0, f € Cy(R), x eR.

Dual semigroup on the dual Banach space X’.

Implemented semigroup on X = .Z(E) defined by U(t)L := T(t)LS(t),
t>0,Le Z(E).

Semigroups induced by flows

Ornstein—Uhlenbeck semigroup on Cy(H)
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The Generator

Definition
The generator (A, D(A)) of a bi-continuous semigroup is defined by:
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The Generator

Definition
The generator (A, D(A)) of a bi-continuous semigroup is defined by:
Ax := 7lim M
t—0
T = T _
D(A):=<{x€X: HTlimM’ sup T (E)x = x| < 00
t—0 t £€(0,1] t
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The classical Lumer—Phillips theorem

Definition
A linear operator (A, D(A)) on a Banach space X is called dissipative if
(A = A)x[| = Allx]l,

for all A > 0 and x € D(A).

As a consequence of the Hille-Yosida theorem one obtains the Lumer—Phillips
theorem.

Theorem (Lumer, Phillips 1961)

For a densely defined, dissipative operator (A, D(A)) on a Banach space X the
following statements are equivalent:

@ The closure A of A generates a contraction semigroup.
@ Ran(X — A) is dense in X for some (hence all) A > 0.

C. Budde (University of the Free State) 9/21
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Preperations for the bi-continuous case — |

Theorem (F. Kilhnemund)
Let (X, || - ||, ) be a bi-admissible space, and let (A,D(A)) be a linear operator on
the Banach space X. The following are equivalent:

@ The operator (A,D(A)) is the generator of a bi-continuous contraction
semigroup (T (t))e>o0-

@ The operator (A,D(A)) satisfies (0,00) C p(A) and

1

IRCA, Al < 35 (1)

for all n € N and for all A\ > 0. Moreover, A is bi-densely defined and the
family

{AN"R(X\,A)": neN, XA>0} (2)
is bi-equicontinuous, meaning that for each norm bounded T-null sequence

(Xm)men one has A"R(\, A)"xy, — 0 in 7 uniformly for n € N and A > 0 as
n — oo.

C. Budde (University of the Free State) 10/21
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Preperations for the bi-continuous case — |l

The following definition is inspired by the work of A. Albanese and D. Jornet.
Definition
Let (A,D(A)) be an operator on a bi-admissible space (X, || - ||, 7). We call this

operator bi-dissipative if there exists a fundamental system of seminorms I
generating the topology 7 such that

p((A —A)x) > Ap(x), A>0, peTl, x € D(A) (3)

and

x|l = supp(x), xe€X. (4)
per

C. Budde (University of the Free State) 11/21



Preparations for the bi-continuous case — Il

Proposition

Let (A,D(A)) be a bi-dissipative operator on a bi-admissible space (X, || - ||, 7).
Then the following assertions are true:

@ A\ — A is injective for all A > 0. Moreover, one has that

PR(Y, A)x) < +p(x). (5)

forall A >0, p € &, and x € Ran(\ — A).

@ )\ — A is surjective for some \ > 0 if and only if it is surjective for all X > 0.
In addition, one has that (0,00) C p(A).
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A first result

Theorem

Let (A,D(A)) be a bi-dissipative, bi-densely defined and closed operator on a
bi-admissible space (X, || - ||, 7). Then the following statements are equivalent:
@ (A,D(A)) generates a bi-continuous contraction semigroup on X.

@ )\ — A is surjective for some A > 0.

C. Budde (University of the Free State) 13/21
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well as the compact-open topology 7.,. We consider the operator (A, D(A))
defined by

Af :=—f', D(A):= {f € C} ([0,00)) : f(0)=0}.
The resolvent of (A,D(A)) can be determined explicitly by
(RN, A)f)(x) = / AEIf(t) dt = e**X/ MF(t) dt, A >0,
0 0

showing that A — A is surjective. Consider the fundamental system of seminorms
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Let us consider the space X := C}, ([0, 00)) equipped with the supremum norm as

well as the compact-open topology 7.,. We consider the operator (A, D(A))
defined by

Af :=—f', D(A):= {f € C} ([0,00)) : f(0)=0}.
The resolvent of (A,D(A)) can be determined explicitly by
(RN, A)f)(x) = / AEIf(t) dt = e**X/ MF(t) dt, A >0,
0 0

showing that A — A is surjective. Consider the fundamental system of seminorms

(Pn)nen with pn(f) := sup,cpo , [f(x)|. Let n € N be arbitrary and observe that
for x € [0, n] one has

AR, A)F)(x)] < Xe™ /OX e |f(s)| ds < Xe™ /OX e**p,(f) ds = (1—e=*)p,(f).

Hence, (A,D(A)) is a bi-dissipative operator.

C. Budde (University of the Free State) 15/21
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Closeable operators - Banach space vs. locally convex
space

Definition
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Closeable operators - Banach space vs. locally convex
space

Definition
Let (A,D(A)) be a linear operator on a Banach space X. We call the operator

closeable if for every sequence (xp)nen in D(A) with x, — 0 and Ax, — y one has
y=0.

V.

Definition

Let (A,D(A)) be a linear operator on a locally convex space (X, 7)
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Closeable operators - Banach space vs. locally convex
space

Definition

Let (A,D(A)) be a linear operator on a Banach space X. We call the operator
closeable if for every sequence (xp)nen in D(A) with x, — 0 and Ax, — y one has
y =0.

V.

Definition

Let (A,D(A)) be a linear operator on a locally convex space (X, 7). We call the
operator T-closeable if for every net (x,)aca in D(A) with x, — 0 and Ax, — y
one has y = 0.

C. Budde (University of the Free State) 17/21
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Definition

Let (X, - ||, 7) be a bi-admissible space. The mixed topology v := (|||, ) is
the locally convex topology generated by the family of seminorms
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Let (X, - ||, 7) be a bi-admissible space. The mixed topology v := (|||, ) is

the locally convex topology generated by the family of seminorms
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Pan) (pn) (X) = i anpa(x), x € X,

Remark
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The mixed topology

Definition
Let (X, - ||, 7) be a bi-admissible space. The mixed topology v := (|||, ) is
the locally convex topology generated by the family of seminorms
Ii= {5(an),(pn) : (Pn)nen €T, (an)nen € co, an > 0}
where

Pan) (pn) (X) = i anpn(x), x € X,

Remark
@ 7Sy C

@ A sequence converges with respect to the mixed topology if and only if it is
||-||-bounded and T-convergent.

@ The classes of bi-continuous semigroups and ~(, ||-||)-strongly continuous
and locally sequentially (, ||-||)-equicontinuous semigroups coincide

C. Budde (University of the Free State)

18/21



A second Lumer—Phillips result

Theorem

Let (A,D(A)) be a bi-dissipative and bi-densely defined operator on a bi-admissible
space (Xv ” : ”57-)
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A second Lumer—Phillips result

Theorem

Let (A,D(A)) be a bi-dissipative and bi-densely defined operator on a bi-admissible
space (X, || - |l, 7). Assume that X is complete with respect to the mixed topology
7. If Ran(\ — A) is bi-dense in X for some \ > 0, then the ~y-closure (A, D(A)) of
(A,D(A)) generates a bi-continuous contraction semigroup on X.

V.

Remark

@ Equip the space Cy,(R) of bounded continuous functions on the real line with
the sup-norm ||-|| ., and the compact-open topology Tc,. Then Cy(R) is
complete with respect to the associated mixed topology (7o, |||l o )-
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A second Lumer—Phillips result

Theorem

Let (A,D(A)) be a bi-dissipative and bi-densely defined operator on a bi-admissible
space (X, || - |l, 7). Assume that X is complete with respect to the mixed topology
7. If Ran(\ — A) is bi-dense in X for some \ > 0, then the ~y-closure (A, D(A)) of
(A,D(A)) generates a bi-continuous contraction semigroup on X.

y

Remark

@ Equip the space Cp(R) of bounded continuous functions on the real line with
the sup-norm ||-|| ., and the compact-open topology Tc,. Then Cy(R) is
complete with respect to the associated mixed topology (7o, |||l o )-

@ The space Z(E) of bounded linear operators on a Banach space E together
with the operator norm ||-|| Z(E) and the strong operator topology Tso is also
complete with respect to the mixed topology 7(Tsot, ||[| & (g))-
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A second Lumer—Phillips result

Theorem

Let (A,D(A)) be a bi-dissipative and bi-densely defined operator on a bi-admissible
space (X, || - |l, 7). Assume that X is complete with respect to the mixed topology
7. If Ran(\ — A) is bi-dense in X for some \ > 0, then the ~y-closure (A, D(A)) of
(A,D(A)) generates a bi-continuous contraction semigroup on X.
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@ Equip the space Cp(R) of bounded continuous functions on the real line with
the sup-norm ||-|| ., and the compact-open topology Tc,. Then Cy(R) is
complete with respect to the associated mixed topology (7o, |||l o )-

@ The space Z(E) of bounded linear operators on a Banach space E together
with the operator norm ||-|| Z(E) and the strong operator topology Tso is also
complete with respect to the mixed topology 7(Tsot, ||[| & (g))-
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Thank you for listening!

C. Budde (University of the Free State)
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