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1 Introduction Recall

Riemann Mapping Theorem 18511 Let U c E be a simply
connected

open set Thenthere exists a holomorphic bijection

U
E
SD

where D is an open dish
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1 Introduction Recall

Riemann Mapping Theorem 18511 Let U c E be a simply
connected

open set Thenthere exists a holomorphic bijection

U
E
SD

where D is an open dish

i
i

is
PickZoeV Then infact0 is unique if we demand012 o dko l




























































ave if wedenarS
Question Can we write down an explicit formula

Quegtion
pfan

we write down an explicit

io

i
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PickZoeV Then infact 0 is unique if we demand412 o dko l




























































Definition Bergman 1950 The Bergman
kernel of a bounded domain

U E C is ET
Blan E eGlen w awell I

where en Éisany orthonormal basis of holomorphic
functionsonU




























































Definition Bergman 1950 The Bergman
kernel of a bounded domain

U E C is

Bazin EenGlen w 2well in

where en Éisany orthonormal basis of holomorphic
functionsonU

Example For U unit dish can take en Mf Z no 1,2

i Blew Edna 2 W Izu
the standard Poisson kernel




























































Theorem Bergman
19507 The Riemann map

U s D Azo o P'ko I

can be computed as follows

I
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From a different viewpoint giventhe domain U c E define the

coherent state based at ZoEV to be the holomorphic function

Nz w BukoW




























































From a different viewpoint giventhe domain U c E define the

coherent state based at ZoEV to be the holomorphic function

Nz w BakoW

It can be characterized as the holomorphic function on U which is

maximally peaked at 20 ie for any holomorphic for U

If12 e Vo Hlf da
U




























































From a different viewpoint giventhe domain U c E define the

coherent state based at ZoEV to be the holomorphic function

Nz w Butz w

It can be characterized as the holomorphic function on U which is

maximally peaked at 20 ie for any holomorphic f on U

Happ e Ven Ift
Example When U unitdish Yz w zwp




























































We can expand any f eHollo as a linearcombinationof the basis

functions en

f ECen f en




























































We can expand any f eHollo as a linearcombinationof the basis

functions en

f EELen f en

Similarly and more geometrically
the coherent states K zeu forman

continuous basis in the sensethat any fellow can be expanded

as an integral linear combination of them

f fly f Y da
ZeU




























































Take home message

The Bergman kernel Butzw of a
bounded domain U CE

and the associated coherent States are
fundamental geometric objects

The Riemann map

U SD 46.1 0 ol6.71

can be explicitly expressed in terms of the coherent state V2

Every fellow can be expressed as an integral linear combination

of the
coherent States Thecoefficient of Y is just flat




























































2 Geometric generalization

We now generalize




























































2 Geometric generalization

We now generalize

bounded domain my

Uce

it
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2 Geometric generalization

We now generalize

Ucg
m compact complex manifoldbounded domain

I a HIi
i i

52 ellipticsure
U

EP smooth projective
variety
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holomorphic function

f onU




























































M holomorphic section s of a fire
holomorphic function

holomorphic line bundle L on X
f onU

X
U




























































M holomorphic section s of a fire
holomorphic function

f onU holomorphic line bundle L on X

X
U

Coolfact The vector spaceHolX L of
holomorphicsections of L is finitedimensional
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fig fffelgadA m sat sonthat vole

ZeU XEX

where we have fixed

a smooth choice of an inner
product i I on each Li
a volume form on X

1

in




























































Definition The Bergmankernel of the data X L C Vol is

B P xp e

they a pg
1 I 1,0 p fila

where set p y q and of is an orthonormal basis for Holkill




























































Similarly the coherent state Up based at net with phase pep Eli

is the holomorphic section of L
defined by up

AUp q B pic

It is the holomorphicsection ofL which is maximally peaked at x




























































Similarly the coherent state Up based at net with phase pep Eli

is the holomorphic section of L
defined by yp

YG Bln
t

It is the holomorphicsection ofL which is maximally peaked at se

Alternatively consider the evaluation linear functional

eup
HotX L s 0

s I s p still




























































Similarly the coherent state Up based at net with phase pep Eli

is the holomorphic section of L
defined by up

AUp q B pic

It is the holomorphicsection ofL which is maximally peaked at x

Alternatively consider the evaluation linear functional

eup
HotX L s 0

s I s p still

her Up eNolXL is thevector representing evp i.e

Vp s evp s for all seHoll til




























































Example X 52 EP and L Ph




























































Example X 52 EP and LE M

a
C 21,22 E E

x

x 2122 52 811




























































Example 8 52 EP and L M

For S

a tap 2,22 12,1212.14

C azz EG is just 5
x

x 2122 52 0




























































Example X 52 EP and L M

For S

a tap 2,22 12,1212.14

C azz EG is just
53 and

x

T 53 52
21,22 I 7 2,122

x 2122 5 01 is the Hopf fibration




























































Theorem B N For X 52 EP and LE M
the Bergman kernel computes as

BEPg Pig

For s

t ap 2,22 12,1212.1

C 21,22 E E
e g is just

53 and

T 53 52
21,22 I 7 2 22

x 2122 52 0
is the Hopf fibration




























































Theorem B N For X 52 EP and L 9h
the Bergman kernel computes as

BEPg pig É

For s

t ap 2,22 12,1212.1

C 21,22 E ENIP g is just
53 and

T 53 52
21,22 I 7 2 22

x 2122 52EEP
is the Hopf fibration




























































3Coherent loop States

We would like to form an integral linear
combination I ofcoherent states

along a loop y in X
How to dothis correctly




























































3Coherent loop States

We would like to form an integral linear
combinationIg ofcoherent states

along a loop y in X
How to dothis correctly

10mi of T

Ypade e HollyL

to




























































3Coherent loop States

We would like to form an integral linear
combination I ofcoherent states

along a loop y in X
How to dothis correctly

10mi of T

Ypade e HoltL

to
a parallel transported

lift of y to P




























































3Coherent loop States

We would like to form an integral linear
combinationIg ofcoherent states

along a loop y in X
How to dothis correctly

10mi of T

Ypade e HollyL

to
A parallel transported

lift of y to P
i Need paralleltransport wound y tobetheidentity




























































3Coherent loop States

We would like to form an integral linear
combination I ofcoherent states

along a loop y in X
How to dothis correctly

HI jpg
Defn Bn




























































3Coherent loop States

We would like to form an integral linear
combination I ofcoherent states

along a loop y in X
How to dothis correctly

Defn BN Suppose paralleltransport inP
wound y is a Kth root of unity

10mi of




























































3Coherent loop States

We would like to form an integral linear
combinationIg ofcoherent states

along a loop y in X
How to dothis correctly

Defn BN Suppose paralleltransport inP
wound j is a Kth root of unity

19 FA f
ie g is

a Bohr
Sommerfeld

g

loop at
level he in language

of Borthwick Paul
andUribe




























































3Coherent loop States

We would like to form an integral linear
combination I ofcoherent states

along a loop y in X
How to dothis correctly

Defn BN Suppose paralleltransport inP
wound y is a Kth root of unityThe

10PM G coherent loop state at level he is
T

Hide Holley
to




























































Theorem BN Aloop y at height 2 on
S is a BohrSommerfeld too

at level k if and only if 2 1 E n o 1,2 K

e in




























































Theorem BN Aloop j at height 2 on
S is a BohrSommerfeld too

at level k if and only if 2 1 E n o 1,2 K

e

Theorem BN The corresponding coherent loop States are precisely
the

angular momentum eigenstates jim in quantum mechanics i.e

It j E m fan




























































Theorem BN Aloop j at height 2 on
S is a BohrSommerfeld too

at level k if and only if 2 1 E n o 1,2 K

Exam
Eppo

eat Y
localises

ontoy
as k o

Theorem BN The corresponding coherent loop States are precisely
the

angular momentum eigenstates bin in quantum mechanics i.e

Ngl j E m fan




























































Coherent loop States are wonderful things




























































Coherent loop States are wonderful things Write

Vu Hot 5 m

this is a geometric description ofthe unique
irreducible representation

of 5062 of
dimension KH




























































Coherent loop States are wonderful things Write

Vu Hot 5 m

this is a geometric description ofthe unique
irreducible representation

of 5062 of
dimension KH A natural problem is to calculatethe

matrixelements of this irrep explicitly




























































Coherent loop States are wonderful things Write

Vu Hot 5 m

this is a geometric description ofthe unique
irreducible representation

of 5062 of
dimension KH A natural problem is to calculatethe

matrixelements of this irrep explicitly In
the language of physics

to calculate the Wigner matrix
elements

dmm p Jim Uy p Ijm




























































Littlejohn and Yu wrote down a beautiful asymptoticformulafor
these matrix

elements in a physicsstyle paper ie no formalproof

For large j
dimm p C cos A Ta




























































Littlejohn and Yu wrote down a beautiful asymptoticformulafor
these matrix

elements in a physicsstyle paper ie no formalproof

For large j
dimm p C cos A Ta
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Littlejohn and Yu wrote down a beautiful asymptoticformulafor
these matrix

elements in a physicsstyle paper ie no formalproof

For large j
dimm p C cos A 54

I
rotateby p
around
yaxis

y




























































Littlejohn and Yu wrote down a beautiful asymptoticformulafor
these matrix

elements in a physicsstyle paper ie no formalproof

For large j
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Littlejohn and Yu wrote down a beautiful asymptoticformulafor
these matrix

elements in a physicsstyle paper ie no formalproof

For large j
dimm p C cos A 54

around
yaxisi had




























































Theorem B N The corrected versionof LittlejohnandYu's formula

is indeed correct




























































Theorem B N The corrected versionof LittlejohnandYu's formula

is indeed correct

Proof




























































Theorem B N The corrected versionof LittlejohnandYu's formula

is indeed correct

Proof j.ms e
iPJ j.m




























































Theorem B N The corrected versionof LittlejohnandYu's formula

is indeed correct

Proof j.mil e it's Ijm Ed V p Ej




























































Theorem B N The corrected versionof LittlejohnandYu's formula

is indeed correct

Proof j.ms e
iPJ j.n Ed V p Ej

Ry1B o

aii




























































Theorem B N The corrected versionof LittlejohnandYu's formula

is indeed correct

Proof j.ms e
iPJ j.m E V p Ej

rain If Vp U fWildsalt

aii




























































Theorem B N The corrected versionof LittlejohnandYu's formula

is indeed correct

Proof j.ms e
iPJ j.n Ed V p Ej

Rain I Yp U fWildsalt

_iI É
KIf f qsl U pipa dsalt

to 5 0




























































Theorem B N The corrected versionof LittlejohnandYu's formula

is indeed correct

Proof j.ms e
iPJ j.n E V p Ej

rain If Vp U fWilds.lt

Ei
KIff qcsl U pipa ds.lt

statiopyse to so




























































Theorem B N The corrected versionof LittlejohnandYu's formula

is indeed correct

Proof j.ms e
iPJ j.n E V pl E

rain If Vp U fWilds.lt

iEi
KIff qcsl U pipa ds.lt

statiopyse to so

Littlejohnand Yu's formula D




























































In fact Borthwick Paul and Uribe established a general formula

for the asymptotics of the inner product of two
coherent loop states for

any
linebundle over a Kohler

manifold

ox

Theorem BPO As k o

Y E B E wie ila ta
xcfink find

Proof BPO




























































Ive shown how coherent loop states can be used to compute

geometricformulae for the matrix
elements ofthe nth irreducible

representation of 5012 for large n




























































Ive shown how coherent loop states can be used to compute

geometricformulae for the matrix
elements ofthe nth irreducible

representation of 5012 for large n

In future work we will similarly use
coherent loopstates to

rederie known formulas for the asymptotics of the
classical andquantum

Gj symbols since these can also be
expressed as inner productsof

sections of line
bundles over certain moduli spaces




























































Ive shown how coherent loop states can be used to compute

geometricformulae for the matrix
elements ofthe nth irreducible

representation of 5012 for large n

In future work we will similarly use
coherent loopstates to

redeice known formulas for the asymptotics of the
classical andquantum

Gj symbols since these can also be
expressed as inner productsof

sections of line
bundles over certain moduli spaces

Addition of angular momentum can be nicely
understood

usingthis
framework




























































Ive shown how coherent loop states can be used to compute

geometricformulae for the matrix
elements ofthe nth irreducible

representation of 5012 for large n

In future work we will similarly use
coherent loopstates to

rederie known formulas for the asymptotics of the
classical andquantum

Gj symbols since these can also be
expressed as inner productsof

sections of line
bundles over certain moduli spaces

Addition of angular momentum can be nicely
understood

usingthis
framework

Poincaré series modular forms for McStar arealso Iffties


