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CHAPTER 9: Morphological image processing

e Language of mathematical morphology: set theory

e Sets = objects in an image
e Binary images: sets ¢ Z°

e Gray-scale images: sets ¢ 73

0.1 Preliminaries

o Let A be a set in Z°. If a = (aj,a9) is an element of A, then we write
aec A

e Subset, union, intersection:
ACB,C=A|JB, D=A(B
¢ Disjoint or mutually exclusive: Aﬂ B =1
e Complement: A° = {w|w ¢ A}
e Difference: A — B={w|jw e A,w ¢ B} = AﬂBC
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e [Reflection:| B = {w|w = —b, for b € B}

e | Translation| of set A by point z = (21, 22): (A), ={clc=a+z, for a € A}
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e Reflection and translation are employed to formulate operations based on
structuring elements (SEs): small sets (subimages) used to probe an image
for properties of interest

FIGURE 9.2 First
row: Examples of
structuring
elements. Second
row: Structuring
elements
converted to
rectangular
arrays. The dots
denote the centers
of the SEs.

w[fe] ]

ab
cde

FIGURE 9.3 (a) A set (each shaded square is a member of the set). (b) A structuring
element. (c) The set padded with background elements to form a rectangular array and
provide a background border. (d) Structuring element as a rectangular array. (e) Set
processed by the structuring element.
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0.2 Erosion and dilation

These operations are fundamental to morphological processing

0.2.1 Erosion

With A and B sets in Z?, the erosion of A by B, is defined as
A© B = {z|(B). C A}

or alternatively Ao B = {z|(B)z ﬂAc _ (Z)}
e B is the SE d e — , e Convolution process
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Example 9.1
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FIGURE 9.5 Using
erosion to remove
image compo-
nents. (a) A

486 X 486 binary
image of a wire-
bond mask.
(b)—(d) Image
eroded using
square structuring
elements of sizes
11 X 11,15 X 15,
and 45 X 45,
respectively. The
elements of the
SEs were all 1s.
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9.2.2 Dilation
With A and B sets in Z?, the dilation of A by B, is defined as

A®B = {z\(B)zﬂA%@}

or alternatively

AeB={:|(B).NA4] c 4}

a_ [ abc
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FIGURE 9.6
(a) Set A.
(b) Square
structuring ele-
T ment (the dot de-
A ADB notes the origin).
o d - (c) Dilation of A
d/8 d/8 by B, shown
shaded.
- (d) Elongated
structuring ele-
d/4 d"iz ment. (e) Dilation
of A using this
element. The
dotted border in
(c) and (e) is the
boundary of set A,
shown only for
reference
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Historically, certain computer

programs ware written using
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Example 9.2

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00"
as 1900 rather than the year
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FIGURE 9.7

(a) Sample text of
poor resolution
with broken
characters (see
magnified view).
(b) Structuring
element.

(c) Dilation of (a)
by (b). Broken
segments were
joined.
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9.2.3 Duality

Dilation and erosion are duals of each other with respect to set complemen-
tation and reflection, that is

(Ao B =A°® B (*)

and

(A®B)=A°SB

Proof of (x):

|
—~—
!
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9.3 Opening and closing

USES

Opening: Smoothes the contour of an object

Breaks narrow isthmuses (“bridges”)
Eliminates thin protrusions

Closing: Smoothes sections of contours
Fuses narrow breaks and long thin gulfs
Eliminates small holes in contours
Fills gaps in contours

Definitions

The opening of set A by structuring element B:
AoB=(AcB)® B

The closing of set A by structuring element B:
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lllustration of opening...

Ae B =U[(B)/(B), C Al
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FIGURE 9.8 (a) Structuring element B “rolling” along the inner boundary of A (the dot
indicates the origin of B). (b) Structuring element. (c¢) The heavy line is the outer
boundary of the opening. (d) Complete opening (shaded). We did not shade A in (a)

for clarity.

Alternative definition for opening:

Ao B =|J{(B).I(B). C 4}
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lllustration of closing...
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FIGURE 9.9 (a) Structuring element B “rolling” on the outer boundary of set A. (b) The
heavy line is the outer boundary of the closing. (¢) Complete closing (shaded). We did
not shade A in (a) for clarity.

Alternative definition for closing:

A point w is an element of Ae B if and only if (B), N A # () for any translate
of (B), that contains w

Opening and closing are also duals of each other with respect to set com-
plementation and reflection, that is

AN

(AeB)*= A0 B (Verify)
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The opening operation satisfies the following properties:

(1) AcBCA(ii))ifCC D,then CoBC DoB (iii) (AcB)oB=A0oB
The closing operation satisfies the following properties:

(i) ACAeB (ii))IfCC D,then CeBC DeB (iii) (Ae B)jeB=AeB

Example 9.3
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Example 9.4:

gl
d*“
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FIGURE 9.11
(a) Noisy image.
(c) Eroded image.
(d) Opening of A.
(d) Dilation of the
opening.
(e) Closing of the
opening. (Original
image for this
example courtesy
of the National
. [nstitute of
(ASB)®B=A"B Standards and

Technology.)

(A-B)& B [(A-B)&B]|SB=(A"B)*B
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