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CHAPTER 9: Morphological image processing

• Language of mathematical morphology: set theory

• Sets ≡ objects in an image

• Binary images: sets ∈ Z2

• Gray-scale images: sets ∈ Z3

9.1 Preliminaries

• Let A be a set in Z2. If a = (a1, a2) is an element of A, then we write
a ∈ A

• Subset, union, intersection:

A ⊆ B, C = A
⋃
B, D = A

⋂
B

• Disjoint or mutually exclusive: A
⋂
B = ∅

• Complement: Ac = {w|w /∈ A}

• Difference: A−B = {w|w ∈ A,w /∈ B} = A
⋂
Bc
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• Reflection: B̂ = {w|w = −b, for b ∈ B}

• Translation of set A by point z = (z1, z2): (A)z = {c|c = a + z, for a ∈ A}

(Ed 2)

(Ed 3)
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• Reflection and translation are employed to formulate operations based on
structuring elements (SEs): small sets (subimages) used to probe an image
for properties of interest
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9.2 Erosion and dilation

These operations are fundamental to morphological processing

9.2.1 Erosion

With A and B sets in Z2, the erosion of A by B, is defined as

A⊖B = {z|(B)z ⊆ A}

or alternatively A⊖B =
{
z|(B)z

⋂
Ac = ∅

}

• B is the SE • Convolution process
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Example 9.1
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9.2.2 Dilation

With A and B sets in Z2, the dilation of A by B, is defined as

A⊕B =
{
z|(B̂)z

⋂
A �= ∅

}

or alternatively
A⊕B =

{
z|
[
(B̂)z

⋂
A
]
⊆ A

}
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Example 9.2
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9.2.3 Duality

Dilation and erosion are duals of each other with respect to set complemen-
tation and reflection, that is

(A⊖B)c = Ac ⊕ B̂ (∗)

and

(A⊕B)c = Ac ⊖ B̂

Proof of (∗):

(A⊖B)c = {z|(B)z ⊆ A}
c

= {z|(B)z ∩A
c = ∅}c

= {z|(B)z ∩A
c �= ∅}

= Ac ⊕ B̂
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9.3 Opening and closing

USES

Opening: Smoothes the contour of an object
Breaks narrow isthmuses (“bridges”)
Eliminates thin protrusions

Closing: Smoothes sections of contours
Fuses narrow breaks and long thin gulfs
Eliminates small holes in contours
Fills gaps in contours

Definitions

The opening of set A by structuring element B:

A ◦B = (A⊖B)⊕B

The closing of set A by structuring element B:

A •B = (A⊕B)⊖B
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Illustration of opening...

Alternative definition for opening:

A ◦B =
⋃
{(B)z|(B)z ⊆ A}
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Illustration of closing...

Alternative definition for closing:

A point w is an element of A •B if and only if (B)z ∩A �= ∅ for any translate
of (B)z that contains w

Opening and closing are also duals of each other with respect to set com-
plementation and reflection, that is

(A •B)c = Ac ◦ B̂ (Verify)
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The opening operation satisfies the following properties:

(i) A ◦B ⊆ A (ii) If C ⊆ D, then C ◦B ⊆ D ◦B (iii) (A ◦B) ◦B = A ◦B

The closing operation satisfies the following properties:

(i) A ⊆ A •B (ii) If C ⊆ D, then C •B ⊆ D •B (iii) (A •B) •B = A •B

Example 9.3
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Example 9.4:


