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4.7 The basics of filtering in the frequency domain (page 277)

Example: An image and its Fourier spectrum

Left-to-right and top-to-bottom: (1) f(x,y), (2) abs(fft2(f(x,y))),

(3) abs(fftshift(fft2(f(x,y)))), (4) log transformation of (3)
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Example: Two images and their Fourier spectra
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Example: An image and its Fourier spectrum
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From left to right: (a) Lowpass filter, (b) Highpass filter, (c) Small constant
a added to (b)
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Steps for filtering in the frequency domain

Input: M ×N image f(x, y) Output: M ×N image g(x, y)

Padded images: P ×Q images fP (x, y) and gP (x, y) (P = 2M , Q = 2N)

(1) Zero pad f(x, y) ⇒ fP (x, y)

(2) Multiply fP (x, y) by (−1)(x+y)

(3) Compute F (u, v), that is the FT of the result in (2)

(4) Multiply F (u, v) by H(u, v) (array multiplication)

(5) Compute the IFT of the result in (4)

(6) Obtain the real part of the result in (5)

(7) Multiply the result in (6) by (−1)(x+y) ⇒ gP (x, y)

(8) Crop gP (x, y) ⇒ g(x, y)

Matlab command, using the fftshift function

>> g P = real(ifft2(fftshift((fftshift(fft2(f P))).* H)));
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Padding in the frequency domain eliminates wraparound error

(Fig 4.36: page 286)
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Example of wraparound error
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Explanation of wraparound error
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Smoothing spatial filter ⇔ Lowpass filter in frequency space

h(x) =
√
2πσAe−2π

2σ2x2 ⇔ H(u) = Ae−u
2/2σ2

Sharpening spatial filter ⇔ Highpass filter in frequency space

h(x) =
√
2πσ1Ae

−2π2σ21x2 −
√
2πσ2Be

−2π2σ22x2 ⇔

H(u) = Ae−u
2/2σ21 −Be−u2/2σ22, A ≥ B, σ1 > σ2
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Example 4.15
Obtaining a frequency domain filter from a small spatial mask

(Self study)
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Example 4.15
Obtaining a frequency domain filter from a small spatial mask

(Self study)
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4.8 Image smoothing using freq domain filters 4.8.1 Ideal lowpass filters

H(u, v) =

{
1, if D(u, v)<D0
0, if D(u, v) > D0

D(u, v) =
[
(u− P/2)2 + (v −Q/2)2

]1/2
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Ideal lowpass filter: The “ringing” phenomenon
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Explanation: Ideal lowpass filter ⇒ Ringing

F DFT(F)

G DFT(G)

DIFT(DFT(F).*DFT(G)) DFT(F).*DFT(G)
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4.8.2 Butterworth lowpass filters

H(u, v) =
1

1 + [D(u, v)/D0]2n
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Butterworth lowpass filter with n = 2: Very little ringing
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Explanation: Butterworth lowpass filter with n = 1 ⇒ No ringing

DFT(F)

G DFT(G)

DFT(F).*DFT(G)DIFT(DFT(F).*DFT(G))

F
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4.8.3 Gaussian lowpass filters

H(u, v) = e−D
2(u, v)/2σ2

H(u, v) = e−D
2(u, v)/2D2

0, when σ = D0
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Gaussian lowpass filter ⇒ No ringing
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4.8.4 Additional examples of lowpass filtering
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4.9 Image sharpening using frequency domain filters

HHP(u, v) = 1−HLP(u, v)
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4.9.1 Ideal highpass filters

H(u, v) =

{
0, if D(u, v)<D0
1, if D(u, v) > D0
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4.9.2 Butterworth highpass filters: H(u, v) =
1

1 + [D0/D(u, v)]2n

4.9.3 Gaussian highpass filters: H(u, v) = 1− e−D
2(u, v)/2D2

0
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Example 4.19: Highpass filtering & thresholding for image enhancement
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4.9.4 The Laplacian in the frequency domain

FT

{
dnf(x)

dxn

}
= (iu)nF (u)

FT
{
∇2f(x, y)

}
= FT

{
∂2f (x, y)

∂x2
+
∂2f(x, y)

∂y2

}
= (iu)2F (u, v) + (iv)2F (u, v)

= −(u2 + v2)F (u, v)

H(u, v) = −(u2 + v2)

The center of the filter needs to be shifted, therefore

H(u, v) = −[ (u− P/2)2 + (v −Q/2)2 ] = −D2(u, v)

∇2f (x, y) ⇔ −D2(u, v) F (u, v)

We form an enhanced image as follows, g(x, y) = f(x, y) −∇2f(x, y), which
implies that

g(x, y) = IFT
{
[1 +D2(u, v)] F (u, v)

}
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(Figure in Edition 2)



Afdeling Toegepaste Wiskunde / Division of Applied Mathematics

Image enhancement in the frequency domain (4.7 to 4.10) SLIDE 27/38

4.9.5 Unsharp masking, highboost filtering, high frequency emphasis filtering

gmask(x, y) = f(x, y)− fLP(x, y)
g(x, y) = f (x, y) + k · gmask(x, y)

= f (x, y) + k · f(x, y)− k · fLP(x, y)
= (k + 1) · f (x, y)− k · fLP(x, y)

G(u, v) = (k + 1) · F (u, v)− k ·HLP(u, v) · F (u, v)
= (k + 1− k ·HLP(u, v)) · F (u, v)
= (k + 1− k · (1−HHP(u, v))) · F (u, v)
= (1 + k ·HHP(u, v)) · F (u, v)

Unsharp Masking (k = 1)

HUS(u, v) = 1 +HHP(u, v)

High-Boost Filtering (k > 1)

HHB(u, v) = 1 + k ·HHP(u, v)
High-Frequency Emphasis Filtering

HHFE(u, v) = k1 + k2 ·HHP(u, v), k1 ≥ 0, k2 ≥ 0



Afdeling Toegepaste Wiskunde / Division of Applied Mathematics

Image enhancement in the frequency domain (4.7 to 4.10) SLIDE 28/38

Example 4.21: Image enhancement using high frequency emphasis filtering



Afdeling Toegepaste Wiskunde / Division of Applied Mathematics

Image enhancement in the frequency domain (4.7 to 4.10) SLIDE 29/38

4.9.6 Homomorphic filtering

The Illumination-Reflectance Model (Section 2.3.4)

An image consists of two components:

(1) Illumination, that is how much light is shined unto the object,

0 < i(x, y) <∞,
and is independent of the object itself;

(2) Reflectance, that is the fraction of light that is reflected by the object,

0 < r(x, y) < 1,

and is obviously a property of the object in question - when the object
is black r(x, y) = 0 - when the object is white r(x, y) = 1

We therefore observe an image f (x, y) that is constructed as follows,

f(x, y) = i(x, y) r(x, y),

after which the image is scaled so that f(x, y) ∈ [0, L]
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We can not apply the FT to i(x, y) and r(x, y) separately, that is

FT { f (x, y) } = FT { i(x, y) } × FT { r(x, y) } ,
so we improvise...

z(x, y) = ln f (x, y)

= ln [ i(x, y) r(x, y) ]

= ln i(x, y) + ln r(x, y)

FT { z(x, y) } = FT { ln i(x, y) }+ FT { ln r(x, y) }
Z(u, v) = Fi(u, v) + Fr(u, v)

γH > 1

γL < 1
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Application of the homomorphic filter, H(u, v):

S(u, v) = H(u, v) Z(u, v)

= H(u, v) Fi(u, v) +H(u, v) Fr(u, v)

s(x, y) = IFT { S(u, v) }
= IFT { H(u, v) Fi(u, v) }+ IFT { H(u, v) Fr(u, v) }
= i ′ (x, y) + r ′ (x, y)

g(x, y) = es(x,y)

= ei
′ (x,y)+r ′ (x,y)

= ei
′ (x,y) er

′ (x,y)

= i0 (x, y) r0 (x, y)

ILLUMINATION: Associated with low freq coef’s, that is slow varying spatial intensities

REFLECTANCE: Associated with high freq coef’s, that is fast varying spatial intensities
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Therefore the effect of the homomorphic filter is as follows:

(1) it attenuates the low frequency coefficients and therefore makes the
illumination more uniform, which removes artifacts like shadows

(2) it emphasizes the high frequency coefficients and therefore makes the
image sharper

A homomorphic filter can be constructed as follows,

H(u, v) = (γH − γL)
(
1− e−c(D

2(u, v)/D2
0)
)
+ γL

(Fig in Edition 2)
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Example 4.22: Image enhancement using homomorphic filtering
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4.10 Selective filtering

4.10.1 Bandreject and bandpass filters: HBP(u, v) = 1−HBR(u, v)
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4.10.2 Notch filters

Notch reject filter: HNR(u, v) =

Q∏

k=1

Hk(u, v)H−k(u, v)

Hk(u, v): Highpass filter centered at (uk, vk)

H−k(u, v): Highpass filter centered at (−uk,−vk)

Distance computations:

Dk(u, v) =
[
(u−M/2− uk)2 + (v −N/2− vk)2

]1/2

D−k(u, v) =
[
(u−M/2 + uk)2 + (v −N/2 + vk)2

]1/2

Butterworth notch reject filter of order n, containing Q = 3 notch pairs:

HNR(u, v) =
3∏

k=1

{
1

1 + [D0k/Dk(u, v)]2n

}{
1

1 + [D0k/D−k(u, v)]2n

}

Notch pass filter: HNP(u, v) = 1−HNR(u, v)

Note: Benefit of not padding outweigh cost of wraparound error
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Example 4.23: Reduction of moiré patterns using notch filtering



Afdeling Toegepaste Wiskunde / Division of Applied Mathematics

Image enhancement in the frequency domain (4.7 to 4.10) SLIDE 37/38

Example 4.24: Enhancement of corrupted Cassini Saturn image using notch
filtering
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Example 4.24: Enhancement of corrupted Cassini Saturn image using notch
filtering... Explanation


