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FOURIER SERIES

Consider a function, f(z), defined on the interval [—%, 4]:
ﬂx)
/_\
_L L
2 2
We now want to approximate f(z) on the interval [—£ %] with a Fourier

series, f(z).

A Fourier series is a linear combination of a set of basis
functions, { ¢,(z) = e/l n cZ}, that is

oo

f(x): Z Cn62m'nx/L

n=——oo

where ¢, are the Fourier coefficients.
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These basis functions have two important properties. They are

(1) PERIODIC with period L, that is ¢,(z + L) = ¢,(x), and

(verify)
(2) ORTHOGONAL on the interval [—%, £], that is
L :
’ o2mins/L,—2miks/L g, _ 0, ff n #k
L L, ifn=k .
2 (verify)

Property (1) implies that f(x + L) = f(z). Therefore f(z) does not only
approximate f(x), but also the periodic continuation of f(z) on the interval

—<, 4], that is p(z):
p(x) /
v




q Afdeling Toegepaste Wiskunde / Division of Applied Mathematics
Fourier analysis 1 (Alternative to Gonzalez & Woods: 4.1 - 4.6) SLIDE 3/13

Property (2) enables one to calculate the Fourier coefficients, c,, easily and
therefore also the Fourier series f(z):

27rm:c/Le—2mk:x/de

L
2 )
f(il?)e_Qka/LdiU . e

eI
|
o
3
eI

= 0404+... 4+ XL+...40+0

1

Therefore... Cp = —
L J_

L
2 :
f(il?)B_anx/Ldl'

e

Example 1: Find f(z) when f(z) = |z| on the interval [—1, 1]

Cp = %/11 f(z)e ™ dy = %/_11 f(x) [cos(nmx) — isin(nwx)| dx
2

11 !
= —/ x cos(nmz)dr = (i Sin(mrx)) — —/ sin(nrz)dx
2 0 nim 0 nm Jo
1 1 O (U 0, if n even (n #0)
= —— (——Cos(mrx)) = T = 2
nm nm 0 nAm ———, If n odd
n*m
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1

@5 (verify)

Therefore . 1 2 o e

fla) = 9 2 Lo 2

7(1n_oddo)o
1 4 K cos(nmz)
3w 2 T

n=13,5,.. (verify)

Speed of convergence

How fast does the coefficients |c,| decrease when n — oo ?

For Example 1 we have: 2
|Cn‘ = 5 n odd
nem
1
[co| = 5

lcnl =0, neven (n #0)

. . i 1
Therefore the coefficients |c,| decrease like —
n
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abs (Cn) ¢ 05
o e 0203
°o | @002
® .2 2 L
- -1 \ 1 n
- Coeffi ci énts of LOW frequency modes |

Coefficients of HIGH frequency modes
Example 2

Find f(z) when f(z) = z on the interval [—1, 1]
i(=1)"

C, = , ¢cyp=20
nm
1
enl = — el =0
nm
1
Therefore the coefficients |c,| decrease like — and
n
- i = (—1)einme 2 — " sin mr:r)
flz) = = Z n - _; (verify)
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abs(c,)
° ® 031
Py [ . ' @ 016 ® 011
® — ®
> VT\ T 2 n

Coeffi Ci énts of LOW frequency mddes

Coefficients of HIGH frequency modes

In general we have the following ...

When p(z) is the periodic continuation of f(z) on the interval [—%, %], then

Periodic continuation | Fourier series
. . .1
p(z) discontinuous | Converges like - otc.
continuous 1
p ,(x) i . Converges like —
p'(x) discontinuous n?
p(z) continuous 1
p'(x) continuous Converges like —
p’(x) discontinuous "
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Therefore, the smoother the periodic continuation of f(z) is, the faster its
Fourier series will converge

This property is important when it comes to the compression of images
(LATER)

Example 3
Find f(z) when f(z) =z, = €0, 1]

Option (1)

" Option (2)

-1 1

Why is option (1) better?



q Afdeling Toegepaste Wiskunde / Division of Applied Mathematics
Fourier analysis 1 (Alternative to Gonzalez & Woods: 4.1 - 4.6) SLIDE 8/13

The difference in the speed of convergence of the Fourier series in Ex-
amples 1 and 2 is clear when the truncated Fourier series are plotted for

different values of n
Example 1

L tilln=0
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Example 2

L tilln=0

-3 -2 -1 0

1

2

3
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Example 2 (continued...)

2 ‘ T

JHilln=9 |
UW
a i
2
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-3 -2 -1 0 1 2 3
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-3 -2 -1 0 1 2 3

0 |
IN) - o = N
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-3 -2 -1 0 1 2 3

0 |
IN) = o = N

T T T T
W\///\

I I I I I
-3 -2 -1 0 1 2 3

2 T T T T T

Ltill n = 100
OW
4 i
2

_ I I I I I
3 -2 -1 0 1 2 3

! |
N - o - N

The Gibbs phenomenon occurs in Example 2, since the periodic continuation
has step discontinuities
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We now set out to develop the Fourier transform (Fourier integral) of a
function f(z), since Fourier series have two important deficiencies:

(1) They utilize only periodic functions ¢(z) =

e2™nz/L with frequencies of Z,

where n € Z, and no periodic functions with frequencies between these

discrete values

(2) They can only approximate periodic functions, that is L has to be finite

To go from a Fourier series to a Fourier transform, we need to let L — ~©

THE FOURIER TRANSFORM

f(x)

LZ

i/
S e

n
Let un—z then u, . =

L
2

hl DO hl —
wlb« ot~

Mlb«

L

= U, + Au, or Uy —

(Derivation)

—2m’nt /L dt] eQm'nx /L

f(t)BQWin(x—t)/Ldt

)cos(2mn(x —t)/L)dt + —
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00 L 3
. Py 2 1 ¥
then: flz) =2 Z Au . f(t) cos(2mu,(x —t))dt + 7/, f(t)dt
n=1 -2 2
abs(c,) :
Au
<> n
21 12 L
L L L L

Let L — co = Au — 0 = the above becomes continuous = deficiencies (1)
and (2) are addressed

If we assume that / f(t)dt < oo (f(t) — 0 when t— +o0), then ...
0 H (un)

~

flz)=f(z) = 2 lim » Au /_ N F(t) cos(2mun(z — t)) di

Au—0

= 2 /OO /OO f(t) cos(2mu(x — t)) dt du (continuous!)
0 —00

- 1o / Z / : F(8) cos(2mu(z — ) dt du .. [T
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Also / / f(t)sin2ru(x —t))dtdu =0 ..... 2

147 2] f(x) :/ / f(t) 27””“‘Ctaltdu
_ / 627Tzux/ f(t>e—2mutdt du

F(u)

In summary, we have the following for the one dimensional continuous case:
FT

FT {f / f —27wad$ ‘ l

f(x) F(u)

IFT{F@) = fo) = [ Fem™d A

IFT Fourier space or

Physical space
frequency space



