Chapter 1
Probability

This chapter will provide the necessary background in probability theory that we need to
formulate the models of investments we will discuss later in the course. Some of it should be
familiar, some of it won't.

1.1 Basic probability theory

Consider an experiment such as tossing a coin or throwing a die. The set of all possible
outcomes is called the sample space. We shall often, but not always, use S to denote sample
spaces.

Example 1.1. Flipping a coin. The outcome is either H (for heads) or T (for tails). The
sample space is
S={H,T}.

Example 1.2. Flipping a coin twice. The outcome is either H followed by H, H followed by
T, T followed by H, or T followed by T. The sample space is

S={HH, HT,TH,TT} .

Let S be a sample space with n elements, say S = {1,...,n}. Suppose we are given n
real numbers p;, i = 1,...,n, such that

(i) p; > 0 for every i € S;

(ii) E?:l pi =1

We can then interpret p; to be the likelihood of the outcome i, for any 7 € S, and we shall
say that the p;'s define a probability measure on S.

wWIno

Example 1.3. In Example 1.1 above, we could have chosen py = pr = % orpy = % pr =
In Example 1.2 above, we could have chosen pyy = pur = pru = prr = +.

A subset of the sample space S is called an event. If A is an event, then we define the
probability of A occurring, denoted by P(A), by

P(A):Zpi-

€A

Note that, in particular, P(S) = >, ¢pi = 1.
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Example 1.4. Let a, b, ¢ be three companies. Let (4,7, k) be the outcome that in 2010
company i makes more profit than company j and that company j makes more profit than
company k. Then the sample space is

S ={(a,b,¢),(a,c,b),(b,a,c),(bca),(ca,b),(cba)}.

Define a probability measure on S by letting
1 o
Diijk) = 6 for every i, j, k.

Let A be the event that a makes most profit in 2010. Then A = {(a,b,¢),(a,c,b)} and
P(A)=141=1

Suppose that S is a sample space and that A C S and B C S are two events. Let us
recall the following definitions.

e The complement of the event A, denoted by A’ or A, is given by

A'={seS|s¢gA}.

e The union AU B of the events A and B is given by

AUB={se S|se€ Aorsec Borboth} .

e The intersection AN B of the events A and B is given by

ANB={seS|sc€cAandse B} .

Note that
e P(AU B) is the probability that at least one of A or B occurs;
e P(AN B) is the probability that both A and B occur.

Example 1.5. Profits of companies (Example 1.4) continued. Let A be the event that
company a makes most profit and let B be the event that company ¢ makes least profit. Then

A={(a,b,c),(a,c,b)} and B ={(a,b,c),(b,a,c)} .

We have AU B = {(a,b,c¢),(a,c,b),(b,a,c)} and AN B = {(a,b,c)}. Moreover P(A) =
P(B)y=2=4 P(AUB)=2=1 and P(ANB) = }.

6
We now recall a useful result that relates P(AN B) and P(AU B).
Theorem 1.6. For two events A and B
P(AUB)=P(A)+ P(B)—P(ANDB).

Example 1.7. In Example 1.5 above we have

P(AUB):%: — L p(A)+P(B)- P(ANB).

Wl =
| =

+

Wl =
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Example 1.8. Let the probability that the FTSE100 increases today be 0.52 and the prob-
ability that it increases tomorrow be 0.52 as well. Suppose that the probability it increases
both today and tomorrow is 0.28. What is the probability that the FTSE100 increases neither
today nor tomorrow?

Solution. Let A be the event that the FTSE100 increases today and let B be the event that the
FTSE100 increases tomorrow. We know that P(A) = P(B) = 0.52, that P(AN B) = 0.28
and we want to find P((AU B)’). Now P(AUB) = P(A) + P(B) — P(AN B) = 0.76, so
P((AUB)") =1—0.76 = 0.24 is the desired probability that the FTSE100 increases neither
today nor tomorrow. [

Recall that if A and B are events, then the conditional probability of A given B, denoted
P(A|B), is given by
P(ANB)

P(AIB) = — 5

Example 1.9. Profits of companies (Example 1.5) continued. If A is the event that a makes
most profit and B the event that ¢ makes least profit, what is the probability that a makes
most profit given that ¢ makes least profit?

Solution. PANB) 1/6 1
N
P(AB)= ——F= "=
(41B) P(B) 1/3 2
is the desired probability that a makes most profit given that ¢ makes least profit. Ol

We say that two events A and B are independent if
P(A[B) = B(A),

or, equivalently, if
P(ANB)= P(A)P(B).

Example 1.10. In Example 1.9 above, the two events A and B are dependent (that is, not
independent), since P(A|B) = 3 > P(A).

1.2 Random variables

Definition 1.11. A random variable is a quantity X determined by the outcome of an
experiment. It is given by the following data:

(i) possible values xq,...,x, it can take on;
(i) probabilities p1, ..., py.

We interpret p; = P(X = x;) to be the likelihood with which X takes the value ;. The
collection of the p;'s is referred to as the probability distribution of the random variable X.

Recall that if X is a random variable as defined above, then its expectation, denoted by
E(X), is given by

E(X) = Xn:xipz- = Zn::ciP(X =) .
i=1 i=1
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Example 1.12. Suppose that a certain company
e makes £1,000,000 with probability i;
e loses £500,000 with probability 1;
e makes £2,000,000 with probability 3.

If X denotes the profit of the company in pounds, then X is a random variable with

1
1 = 1000000 p=7
1
25 = —500000 p=7
1
x5 = 2000000 Ps=3

In particular, the expected profit of the company in pounds is given by
B(X) = @ip1 + waps + x3ps = 1125000.

Definition 1.13. Let p € [0,1]. A random variable X is said to Bernoulli(p) (or simply
Bernoulli) distributed if its possible values are 0 and 1, and if P(X = 1) = p and P(X =
0)=1-np.

Note that if X is Bernoulli(p) distributed then E(X)=1-p+0-(1—p) =p.
Expectation is linear in the following sense:

Lemma 1.14. Let X be a random variable and let a and b be constants. Then
E(aX +b) =aE(X)+0.

Proof. Suppose that X takes on the value x; with probability p;. Then aX + b is a random
variable which takes on the values ax; + b with probability p;. Thus

n

E(aX +b) = Z(awi +b)p; = aZzi +pri =aF(X)+0.
i=1 i=1

=1

Repeated application of the lemma above yields the following important result.

Proposition 1.15. If Xy,..., X,, are random variables and a1, ..., «,, are constants, then
E(Y ;X)) =Y a;B(X).
j=1 j=1
Definition 1.16. The variance of a random variable X is given by
Var(X) = E((X? — E(X))?).

The standard deviation of a random variable is given by

o(X) =+ Var(X).
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The following result is often useful.
Lemma 1.17. If X is a random variable, then
Var(X) = E(X?) — B(X)?.

Proof. Using the linearity of the expectation we see that

(
(X? - 2XE(X)+ E(X)%

(X?) —2E(X)E(X) + E(E(X)?)
(X% —2B(X)*+ B(X)?

(

Example 1.18. Let X be Bernoulli(p) distributed. Then E(X) = p and
E(X?*)=1p+0*(1-p)=p,

Var(X) = B(X?) = E(X)* =p—p* =p(1 —p).

Unlike expectation, variance is not linear as the following result shows.
Lemma 1.19. /f X is a random variable and a and b are constants, then
Var(aX +b) = a*Var(X) .
Proof. This is a short calculation using the definition of variance and is left as an exercise. []

While variance is not linear in general, it is sometimes possible to conclude that the variance
of a sum of two random variables is the sum of the variances of the random variables. Before
stating this result we recall the following important concept.

Definition 1.20. Two random variables X and Y are said to be independent if

Furthermore, a sequence of random variables X7, X, ... is said to be independent if X; and
X are independent whenever i # j.

The result alluded to earlier can now be formulated as follows.

Proposition 1.21. If X, X,, ..., X,, is a sequence of independent random variables, then

Var (Zm: Xj) = Zm:Var(Xj) .

Proof. This will follow from a more general result to be discussed shortly (see Proposi-
tion 1.27). O
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Another concept that you have already encountered and that will play an important role
later on is the following. A random walk is a sum of independent random variables. To
be precise, suppose that Xi, Xs,... is a sequence of random variables with the following
properties:

e P(X;=1)=P(X; =—-1) =3 forall j;
e the random variables X5, X, ... are independent.

We can think of X as the j-th step of the random walk. Now define:

B
j=1

Then S, is a random walk.
Note that

SO
E(S) = E(X)) + - E(X,) =0.

In order to determine the variance of S,, note that
E(X?) =1+ (1)
so

Var(X;) = E(X?) - E(X;)’=1-0"=1,

J
and thus, by Proposition 1.21

Var(S,) = Var(X;) +---Var(X,)=1+---+1=n.
Recall that the covariance of two random variables X and Y is defined by
Cov(X,Y)=E(X —EX))(Y — E(Y))).
Note that Cov(X,Y") = Cov(Y, X) and that Cov(X, X) = Var(X). The following is a useful
reformulation, the simple proof which is left as an exercise.
Lemma 1.22. Let X and Y be two random variables. Then
Cov(X,Y)=E(XY)—-EX)E(Y).

Covariance turns out to be linear in each of its arguments. We shall consider a special

case first.

Lemma 1.23. Let X, Xy and Y be three random variables. Then
Cov(X; + X5,Y) = Cov(X1,Y) + Cov(Xy, Y).
Proof. Using the previous lemma and the linearity of expectation we see that

Cov(X1 + X5, Y) = E((X, + X2)Y) — E(X; + X5)E(Y)

= E(X1Y + XoY) — (E(X}) + E(X2))E(Y)
(X1Y) + E(XoY) — BE(X)E(Y) — E(X,)E(Y)
(X,Y) — E(X)E(Y) + E(XyY) — E(X,)E(Y)

= COV(Xl, Y) + COV(XQ, Y) .



1.2. RANDOM VARIABLES 11

Repeated application of the previous lemma, together with the fact that Cov(X,Y) =
Cov(Y, X) yields the following result.
Proposition 1.24. Let X;, 1 =1,2,...,mandY}, j =1,2,...n be two sequences of random
variables. Then

Cov (Z Xi, Z Y;) = Z Z Cov(X;,Y;).
i=1 j=1 i=1 j=1

Proof. See Exercise 3 on Coursework 1. ]

The correlation of two random variables X and Y is given by

Cov(X,Y)

Cor(X,Y) = T X)o)

It is a non-trivial fact that
—1<Cor(X,Y)<1.
We now recall that two random variables X and Y are said to uncorrelated if
Cov(X,Y)=0.
Lemma 1.25. /f two random variables X andY are independent, then they are uncorrelated.

Proof. Suppose that X and Y are independent and that X takes on values zy, ..., x,, while
Y takes on values y1,...,y,. Then

B(XY) = Z Z:ciyjP(X =Y =y;)

=> inyjp(x = 1) P(Y = y;)
=D _wP(X =) ) yP(Y =)
= E(X)E(Y) ]
Thus Cov(X,Y) = E(XY) — E(X)E(Y) = E(X)E(Y) — E(X)E(Y) = 0. 0

Note that the converse of the lemma is false, that is, X and Y uncorrelated does not imply
that X and Y are independent, as the following example shows.

Example 1.26. Let X be a random variable taking on values 1,0, —1 and let Y be a random
variable taking on values 1,0. Suppose that

PX=1Y=1)=P(X=-1Y =1)=P(X =0,Y =0) =

and
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Now 1
EX)=1--+40 —+(—1)-§:0,
while
B(XY)=1 1-1+(—1)-1-1+0-0-1—0
N 3 3 3

Thus Cov(X,Y) = E(XY) — E(X)E(Y) =0, so X and Y are uncorrelated. However, X
and Y are not independent since

P(X:O,Y:O):%;A%:P(X:O)P(Y:O).

Proposition 1.27. Given a sequence X1, X», ..., X, of random variables we have
Var <Z Xi> =33 Cov(X;, X;).
i=1 i=1 j=1

If the random variables Xy, Xs, ..., X, are mutually uncorrelated (that is X; and X; are
uncorrelated whenever i # j), then

Var (i Xi> = i Cov(X;, X;) = iVar(Xi) .

i=1

Proof. Follows from Proposition 1.24. ]

1.3 Continuous random variables

Recall that a continuous random variable X takes values in R and is associated with a
probability density function (abbreviated ‘pdf’), that is, an integrable function fx on R
such that

(i) fx(z) >0, for every x € R;
(i) 7 fx(z)de =1.

If @ and b are real numbers with a < b we interpret fab fx(x)dz to be the likelihood that X
takes on values between a and b, that is,

P(aSXSb):/be(x)dac.

Recall that if X is a continuous random variable the expectation F(X) of X is given by

E(X) = /00 rfx(z)dx,
while the variance of X is given by
00 00 2
Var(X) = B(X?) - B(X)? = / 2% fx(z) dx — (/ rfx(z) dx) .

whenever these quantities are finite.
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If X is a random variable and n is a positive integer, we say that the n-th moment of X
exists if
E(X|") < c0.

If the n-th moment exists we call E(X") the n-th moment of X. In particular, the first
moment of a random variable equals its expectation (if it exists).

Example 1.28. Let A > 0 and let X be a random variable such that
A
A2 2

If this is the case we say that X has a Cauchy distribution. Note that fx(z) > 0 for any
real x. Moreover, using the substitution x = wAtanf, we see that

fx(t) =

ME}

/;fﬂ@dx—/;;@F:ﬁdx—/gWwp+ﬂA%mﬂMA%CHM

2 wA%sec?d 21 1
= ————df = —dl=m—=1
/’2’ m2 A% sec? 0 /’2’ T T ’
so fx is a proper pdf.

It turns out that the second moment of the Cauchy distribution does not exist. To see this
note that

Ax? A A
lim 2 — lim — = lim = =4
A R S A Bl

SO

E(|X|?) = /_00 2 fx(r)dr = o0,

o0
that is, the second moment of X does not exist. In fact, the first moment does not exist
either. In order to see this note that

lim
Tr—00 S

SO

x
because [ 1 dz =logz — 0o as x — 0.
x
We now recall the following important concept.

Definition 1.29. The characteristic function G x of a random variable X is defined for any
a € R by

oo

Gx(a) = E(e"X) = / e fx(z) de .

—0o0

Knowing the characteristic function of a random variable makes it possible to calculate its
moments, as the following result shows.

Lemma 1.30. Given a random variable X with characteristic function Gx we have for any
aeR

Gx(a) =1+ (iZ‘!) B(X*).
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Proof. Observe that

axt) = [~ e p@ar= [0 O

- T k=0

Example 1.31. Suppose that X ~ Uniform(0, 1), that is, X is a random variable with

fX(x):{l ifo<z<1

0 otherwise

Then
00 1 iz *=1 o _ 1
GX(oa):/ooe f (x)dx:/o et = [mL:O: o
Now,
Cx(a) 1 i ok . 1 i (icx)* i Ik Hi (ia)k 1
(0% = — —_ = — = pry _—
o i \ &= k! in =k = (k+ 1) Lkl k+1
Using the previous lemma we see that
1
EXF) =—0.
(X%) k+1

Note that we could also have calculated the moments directly:

o] 1 1 =1 1
E(XF) — k _ kg _ kil _
(X") /Ooa: fx(z)dx /0 " dx [k+1x L_O T

Recall that the joint probability distribution function of two continuous random vari-
ables X and Y is denoted by fyy and has the property that for every a < b and every
c<d

d b
P(angb,chSd)z//fxy(x,y)drrdy.

In particular
Pla< X <b—-0<Y <) :/OO /be,y(:E,y)dxdy,
so . o
Pla< X <) :/ / fxy(2,y)dydz,
hence Zo h
fX(iL"):/ fxy(z,y)dy.
Similarly -

fr(y) = / " by (o) do.

It turns out that two continuous random variables are independent if and only if their joint
probability distribution function factorises. To be precise:

Lemma 1.32. Two continuous random variables X and Y are independent if and only if

Ixy(@,y) = fx(@)fy(y) Vr,yeR.
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1.4 Gaussian or normal random variables

A random variable X is said to be Gaussian or normal with mean 4 and variance o2 where
i€ Rand o >0 if X has pdf

fx(x) L exp (—M> :

- oo 202

If X is normal with parameters p and o® we write X ~ N(u, o). It turns out that
E(X)=pu and Var(X)=o>.

Furthermore, it turns out that the sum of two independent Gaussian random variables is again
a Gaussian random variable. To be precise we have the following important result.

Lemma 1.33. Suppose that X; ~ N(ui,0}) and Xy ~ N(ug,03). If X; and X, are
independent then
X1+ Xo ~ N(py + pia, 07 4 03) .

If £x =0 and o =1, we say that X is standard normal, in which case

Felo) = = e (—3> |

Note that every normal random variable can be transformed to a standard normal random
variable as follows.

Lemma 1.34. If X ~ N(u,0?) then
X —p
o
Proof. See Remark 1.40. |

~N(0,1).

The cumulative distribution function of a standard normal random variable is defined

to be
= | zmer(-5)
ex :
27 P 2
Note that if X ~ N(0,1), then ®(z) = P(X < z). Note also that

Pr)=PX<x)=P(X>-2)=1-PX<—2)=1-—(—x). (1.1)
Moreover, if a < b then
Pla<X <b)=PX<b)—P(X <a)=>(b) —P(a).

The function ® cannot be expressed in terms of elementary functions. In this module
we will use tables to determine the values of ®. Using relation (1.1) we see that ®(x) only
needs to be tabulated for z > 0. In the table distributed in the lectures, ®(x) is tabulated for
arguments z, correct to 2 decimal places. If higher precision is required linear interpolation
can be used. This is done as follows.

Suppose that x < z < T, where x and T are the nearest tabulated arguments of . Then
a good approximation to ®(x) is given by
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Example 1.35. Let # = 1.116. Then z = 1.11 and T = 1.12 and a good approximation of
O(z) is

®(2) ~ 0.49(1.11) + 0.60(1.12) = 0.4 - 0.8665 + 0.6 - 0.8686 = 0.8678 .

Example 1.36. |Q scores of 11 year olds are normally distributed with mean value 100 and
standard deviation 14.2. What is the probability that a randomly chosen 11 year has IQ more
than 1307

Solution. Let X be the 1Q of a randomly chosen 11 year old. We know that X ~ N(u,0?),
where 1 = 100 and 02 = (14.2)%. Now

X—p  130— X -
P(X>13()):P( i 150 “):P( “>2.113>:1—q>(2.113).

g g g

In order to determine ®(2.113) we use linear interpolation. The nearest tabulated arguments
are x = 2.11 and T = 2.12 and a good approximation to ®(2.113) is

$(2.113) =~ 0.7¢(2.11) + 0.39(2.12) = 0.7 - 0.9826 + 0.3 - 0.9830 = 0.9827 .
Thus, the desired probability is
P(X >130) =1 — ®(2.113) = 0.017 .
O
Note 1.37. You only need to use linear interpolation if you are specifically asked to do so.

Our next task is to derive the transformation formula for the probability distribution func-
tions of continuous random variables. Before doing so recall that if X is a continuous random
variable with pdf fx, its cumulative distribution function, denoted F'x and abbreviated
cdf, is defined to be

Fez)= [ fxt)at.
Note that by the fundamental theorem of calculus

d
%Fx(x) = fX(iU) .

Suppose now that X is a continuous random variable and ¢ a real valued function. We are
now going to answer the question how the pdf of the random variable Y = ¢(X) is related to
that of X.

Theorem 1.38 (Transformation Formula). Let X be a continuous random variable and let
Y = g(X), where g is a differentiable function which is

(i) either strictly monotonically increasing (so ¢'(z) > 0 Yz € R)

(ii) or strictly monotonically decreasing (so ¢'(x) < 0 Vz € R).

oly) = {fx(gl(y))

0 for all other y

Then

d%gfl(y)’ for all y for which g='(y) exists
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Proof. We give the proof for strictly monotonically increasing ¢ only. The other case is similar.
We start by calculating the cdf of Y:

Fr(y) = / " ) dy = P(Y <) = P(e(X) < y) = P(X < ') = Fx(g~'()).

Now
d d

d

= —F = —F -1 — FI -1 N

fr(y) dy v () dy x(9 (9)) % (g (y))dy

by the chain rule. Observe that since g is monotonically increasing, so is g~!. Thus, for all y
for which g7 (y) exists

9 '),

d d
_ “1,0 4 1y -1 a
Frlw) = Ix(g= W) g o~ ) = fxlg™ W) |57 W) -

since J

a

a0 W =0
On the other hand, Fy (y) is either 0 or 1 for all y for which g~*(y) does not exist, so fy(y) =0
in this case. o

Example 1.39. Suppose that X ~ N(u,0?) and let a and b be real constants with a # 0.
Let Y = aX + b. What is the pdf of Y7

Solution. Write g(x) = ax +b. Then Y = g(X). Note that ¢'(z) = a, so g is strictly
monotonically increasing if a > 0 and strictly monotonically decreasing if a < 0. Now, if
y=axr+0b, then x = (y —b)/a, so

—1 Y= b

g (y) - a )
and p )
_ -1 —_— -

a7’ ()=~

Moreover, since X ~ N(u,c?),

fx (@) = ——exp (—ﬂ) |

2mo

Using the Transformation Formula we see that

o) = e (DI e (gt

Y ~ N(ap + b, a*c?).
Remark 1.40. The above example also shows that if X ~ N(u,o?), then
1 1 1
L ()= (e (). ).
o o o o/ o

X —p
g

that is

~N(0,1).
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1.5 Lognormal random variables

Lognormal random variables are a particular type of continuous random variables that occur
in a number of practical applications.

Definition 1.41. A random variable Y is said to be lognormal with parameters i and o2
where € R and o > 0, if
logY ~ N(u,0?).

We write
Y ~ LogNormal(p, 0%) .

Note that if Y ~ LogNormal(u, 0?), then Y = exp(X), where X ~ N(u,c?).
We will now use the Transformation Formula to determine the pdf of a lognormal random
variable.

Proposition 1.42. [fY ~ LogNormal(u,o?) then

L oxp (_(logyfu)Q) ify>0;
fyly) = § Ve ) Y
0 ify <O0.

Proof. Write g(x) = ¢”. Then Y = g(X). Now, if y = e*, then x = logy, so

g '(y) =logy fory>0,

and

d 1
—q (y)=—- fory>0.
a (y) y

Moreover, since X ~ N(u,c?),
1 (x —p)?
Jx(x) = V2o P ( 202 '

Using the Transformation Formula we see that if y > 0 then

RY:
fr(y) = fx(log y)é = \/%ay exp (—W) :

while fy(y) =0if y <0. O

In Coursework 2 you will be asked to prove the following useful results.

Proposition 1.43. Let Y ~ LogNormal(u, c?). Then
1

Proof. See Exercise 4, Coursework 2. O

Note that we can calculate the cdf of a lognormally distributed random variable using the
table for ®.

Example 1.44. Suppose Y ~ LogNormal(u, 0%) with 1 = 0.20 and o = 0.50. Determine y
such that P(Y < y) = 0.95.
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Solution. Note that P(Y < y) = P(logY < logy) where logY ~ N(u,0?). Thus

logY —pu _ logy — logy —
0.95 = P(Y < y) = P(logY < logy) = P ( og¥ —p _ logy u) % ( 0gy u) _
g o o

From the table for ® we see that

logy — p
o

= 1.645,

SO
y = exp(p + 1.6450) = 2.78.

1.6 The IID lognormal model

This is our first model of stock market prices. Let S(n) denote the price of some product
at the end of n time periods, where n is a non-negative integer. The model assumes that
S(n)/S(n — 1), where n € N, is a sequence of independent identically distributed random
variables with common distribution
S5(n)
S(n—1)

Note that the model makes an assumption about the relative price changes S(n)/S(n — 1)
from one time period to the next. In practice one is interested in the distribution of the relative
price change S(n)/S(0).

Lemma 1.45. /f S(n) is given by the IID lognormal model, then
S5(n)

~ LogNormal(y, 0?).

=N 2
5(0) LogNormal(nu,no”) for anyn € N.
Proof. For i € N write S0)
2
Y _=
oSG —1)
then St _5(1)5@)8E) _Sw)
n n
S(0)  S(0)S(1)S2)  Shn-1) Nl dn,
SO

Sn) _ <
log——= = logV;.
5(0) z_;

But since by our assumption on the model the random variables log Y7,log Y5, ... logV,, are
independent with
logY; ~ N(u,0%) fori=1,...,n,

we see, using Lemma 1.33, that

log % ~ N(nu,no?).

Thus g
5(n) ~ LogNormal(ny, no?) .

S5(0)
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Example 1.46. Assume that the price of a product at the end of week n is given by the 11D
lognormal model with parameters . = 0.0165 and o = 0.0730. What is the probability that

(a) the price increases over the first week?

(b) the price increases in each of the first two weeks?

(c) the price is higher at the end of week 2 than at the start?
Solution. Let S(n) denote the price of the product at the end of week n.

(a) The desired probability is P(S(1) > S(0)). But

P(5(1) > S(0)) = P <% > 1) =P <log% > o) :
wher
B log 51 ~ N(u, 0?)
(0) s
Thus
S(1) log 3 — 1 4
P(5(1) > S(0)) = P <logW > 0) —P <+ > _;>

—1-® (-ﬁ) - (g) — $(0.23) = 0.5910.

Thus, the probability that the price increases over the first week is 0.5910.

(b) Let p = 0.5910 be the probability that the price increases over the first week. Since the
random variables S(n)/S(n—1) are independent, the probability that the price increases
in each of the first weeks is p? = 0.3493.

(c) The desired probability is P(S(2) > S(0)). But

P(S(2) > S(0)) = P (% > 1) _p (log g% > 0) ,

where, by Lemma 1.45,

log 52) N(2u,207).

S(0)
Thus
S(2) log g —2u  2p

=1-0 (—@) = (@) = ©(0.32) = 0.6255.

Thus, the probability that the price is higher at the end of week 2 than at the start is
0.6255.

]
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1.7 The Central Limit Theorem

One of the reasons that Gaussian random variables occur so often is the Central Limit Theorem
(CLT), one of the gems of Probability Theory. To motivate the formulation of the CLT suppose
for the moment that X, X5, ..., X,, are independent N(y, 0%)-distributed random variables.
Then, by Lemma 1.33,

X1+ Xo+ -+ X, ~ N(nu,no?),
and so
Xyt X —np
V/no

The CLT generalises this fact to sequences of independent random variables that need not have
Gaussian distributions, but it only holds in the limit as n — oo. Here is a precise formulation.

~N(0,1).

Theorem 1.47 (Central Limit Theorem). Let X, Xs,... be independent identically dis-
tributed random variables with mean E(X;) = u and variance Var(X;) = o2, where i € R
and o > 0. Define S, =Y.\ | X;. Then

lim P(S”_”“ <x> = d(z) (VzeR).

n—o00 -

no

The conclusion of the CLT is often informally expressed as S"—\/%ZE converges to N(0,1)".
The proof of the CLT relies on the following three auxiliary results.

Lemma 1.48. Let Y, be a sequence of random variables and let Z be a random variable.
Suppose that their characteristic functions satisfy

lim Gy, (a) = Gz(a) (Yo €R).
Then
lim P(Y,, <z)=P(Z<z) (VxeR).

n—o0

Lemma 1.49. If X1, X5, ..., X, are independent random variables and S,, = X; +---+ X,,,
then

Gg,(a) = Gx,(a)Gx,(a)---Gx, (o) (Va €R).

Lemma 1.50. Let Z be a random variable. Then

2
Z ~N(0,1) ifandonly if Gz(a)= exp(—%) _

Proof of the CLT. We shall first prove a special case. Suppose for the moment that 1 = 0
and 0 = 1. In order to prove the CLT in this case we need to show that

1
T}LIEOP<%(X1+---+XH) §w> = d(x).
Let .
Yo=—X1+ -+ X,).

n
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We have

=Gy, (%) where S, = X; +---+ X,

=Gy, <i> Gyx, (%) -Gy, (%) by Lemma 1.49

since, by hypothesis, £(X;) = 0 and E(X}) = Var(X;) + E(X;)*> = 1. Thus

Gy, () = Gx, (%)n - (1— %%QJF)H — exp (nlog (1— %%2+>) . (1.2)

In order to proceed we need the Taylor-Maclaurin expansion of log(1 — ), which we now
quickly derive. Note that

=l4+z+a’+2°+--

11—z
thus _— . . )
— dt = e T Tt
/Ol—t :c+23: +3x +4x+
—_——
=—log(l—x)
> 1 1 1
log(l—2) = -2 — —2% — —2% — ~2* — ...

2 3 4
Using the first term of the above expansion of log(1 — ) in equation 1.2 we see that

Gy (@) = exp (n <_%O§_>) ~exp (_%2_) |

o2
lim Gy, (o) = exp (—7) .

n—oo

Let now Z ~ N(0,1). By Lemma 1.50,

SO
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so combining the last two equations gives

lim Gy, (o) = Gz(a),

n—oo

and Lemma 1.48 now implies

lim P(Y, <z)=P(Z <zx)=®(x),
that is, we have proved the CLT in the special case where x =0 and 0 = 1.
Now we prove the CLT when i and o > 0 are arbitrary, using the fact the CLT is true for
i=0and o =1. Fori € N call

Then

and ! 1
2
Var(W;) = ;Var(Xi) =50 = 1.

Since the W;'s are independent random variables with mean 0 and variance 1 we can now
apply the special case of the CLT we have just established to conclude that

JL%P<%(W1+---+W,1)§9:> = d(x),

so
1
tin P (e (=) 44 (X =) < 0) = B(0),
hence .
T}LIEOP(W(X1+---+Xn—n/L) §x> = d(x),
thus

i P (222 <) = 060

and the proof of the general case of the CLT is finished. ]



24

CHAPTER 1. PROBABILITY



