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Critical angle:
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Solid friction (cont’d)

mv̇ = −αv(t)−∆F σ(v) + F

|F | < ∆F

I v∗ = 0 stable
I Reached in finite time
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Motion from v = 0 iff |F | > ∆F
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Brownian motion with solid friction

Caughey 60s, de Gennes 2005

Langevin equation:

m v̇(t) = −αv(t)−∆F σ(v) + F + ξ(t)

Gaussian white noise:

〈ξ(t)〉 = 0

〈ξ(t)ξ(0)〉 = m2Γδ(t)

Diffusion with solid friction

No fluctuation-dissipation relation

Noise and friction have different sources

STRUCTURAL CONTROL AND HEALTH MONITORING
Struct. Control Health Monit. 2006; 13:1–6
Published online 28 November 2005 in Wiley InterScience (www.interscience.wiley.com). DOI: 10.1002/stc.151

Preface

Thomas Kirk Caughey
22 October 1927–7 December 2004

The papers making up Issue No. 1 of Volume 13 of Structural Control and Health Monitoring,
aggregated here, are published as a tribute to Thomas K. Caughey, who was Hayman Professor
of Mechanical Engineering, Emeritus, at the California Institute of Technology and Honorary
Associate Editor of this journal prior to his death on 7 December 2004. Professor Caughey was
a major contributor to the general field of dynamics over the past half-century.

Tom Caughey received simultaneous baccalaureate degrees in mechanical and electrical
engineering from the University of Glasgow in 1948. After a few years in British industry, he
came to the United States for graduate study, receiving a master’s degree in mechanics at
Cornell University in 1952 and a doctorate in engineering science at Caltech a short two years
later. He was immediately appointed to the faculty at Caltech, where he remained for his entire
productive career. He taught a wide variety of courses, ranging from undergraduate quantum
mechanics to advanced graduate courses in dynamics and control. He was the research adviser
for twenty doctoral students.

Tom’s scientific interests, talents and experience spanned a remarkably wide range. He was
equally comfortable and competent in the mathematics of non-linear dynamical systems and in
the demanding engineering problems associated with centrifugal pumps. His work in dynamics
ranged from an analysis of the ‘hula-hoop’ as an example of heteroparametric excitation to
studies of the stability problems arising in the control of large space structures. In the 1950s, he
was a primary contributor to the design and construction of a response spectrum analyser for
the study of structures subjected to earthquakes. He was also responsible for the design and
implementation of a pioneering frequency controller used with an eccentric-mass exciter that

Copyright # 2005 John Wiley & Sons, Ltd.

Thomas K. Caughey 1927-2004

Pierre-Gilles de Gennes 1932-2007
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Solution

Propagator:

P = p(v , t|v0, 0) = Prob{v(t) = v |v(0) = v0}
Fokker-Planck equation:

∂P

∂t
=

∂

∂v

(
Φ′(v)P +

∂P

∂v

)
= − ∂j

∂v

Potential:

Φ(v) =
(|v |+ ∆)2

2
− av

∆ = ∆F/m, a = F/m

Correlation function:

〈v(τ)v(0)〉 =

∫ ∞

−∞
dv

∫ ∞

−∞
dv ′ v v ′ p(v , τ |v ′, 0)ρ∗(v

′)

Piecewise linear ⇒ exactly solvable
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Predictions

Stationary distribution

f (v) = C e−2U(v)/Γ, U(v) =
γv2

2
+ ∆|v | − F

m
v , γ =

α

m
I Cusp at v = 0

Drift velocity

v∗ = α−1F (Brownian)

v∗ ∼ ΓF/∆F
2 (Dry friction) |F | < ∆F

Correlation function

〈v(t)v(0)〉 = De−C∆t

I de Gennes JSP 2005 (γ = F = 0)
I HT, Straeten, Just JPA 2010
I Stick-slip crossover

Power spectrum
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Previous experiment

Goohpattader & Chaudhury, J Chem Phys 133, 024702, 2010

II. THEORETICAL BACKGROUND

In the absence of any vibration, the prism on a tilted
support experiences two types of external forces: one is the
driving force !mg sin !" for motion and the other arises from
the static friction force !"smg cos !" acting parallel to the
surface opposite to the direction of motion. Here, m is the
mass of the prism, "s is the static friction coefficient, g is the
gravitational acceleration, and ! is the angle of inclination of
the support. The glass prism slides on the inclined surface
when the gravitational force is larger than the static friction
force; otherwise it remains stuck. The prism is rescued from
this stuck state when it is subjected to a stochastic vibration
force m#!t". We use Eq. !1" in which #̄ is to be identified
with g sin ! and $="sg cos !. By taking into account the
effects of various forces in the system, a steady state prob-
ability #P= P!V"$ distribution function in velocity space can
be obtained from the integrations of Eqs. !3" and !4". These
equations can also be obtained from the spatially homoge-
neous steady state solution of a Klein–Kramers34,35

equation.18

K

2
!P

!V
+ $

%V%
V

P +
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= #̄P !dry friction" , !3"
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P = #̄P !nonlinear kinematic friction" .

!4"

The solutions of the Eqs. !3" and !4" yield the PDF of veloc-
ity fluctuation #P!V"$ as follows:

P!V" = Po! exp&−
V2

K%L
−

2%V%$
K

+
2V#̄

K
' , !5"

P!V" = Po" exp&−
2A%V%1+n

m!1 + n"K
+

2V#̄

K
' . !6"

Here, Po! and Po" are normalization constants. From Eq. !5", it
is evident that the velocity distribution has a Gaussian com-
ponent due to kinematic friction and an exponential compo-
nent due to Coulombic dry friction, whereas from Eq. !6", we
expect a stretched Gaussian distribution. Equations !5" and
!6" are useful in the sense that both the drift velocity and the
variance of velocity distribution can be estimated by calcu-
lating the first and second moments of velocity distribution
provided that the values of %L and $ #for Eq. !5"$, as well as
n and A #for Eq. !6"$ are at our disposal. Conversely, the
experimental drift velocities obtained at different values of #̄
and the power of the noise K can be used to estimate these
parameters. We used the second method to estimate %L and $
as well as n and A, which were then used for further analysis
and simulations.

III. EXPERIMENTAL SECTION

A solid glass prism !(1.67 g", having dimension of
(11&11&6 mm3, was used to slide against a glass plate
using the apparatus shown in Fig. 1. As with our previous
studies, some roughening of the support was necessary to
induce easy and uniform sliding of the glass prism over it.

Very smooth surfaces adhere to each other so strongly that a
very high level of vibration is needed to dislodge it. We
avoided such high adhesion situations by roughening the sur-
face, as our objective is to study the stochastic dynamics of
the motion from a very low to a high power. While the main
work of this paper focuses on the above described system,
we also present some results of a study where a PDMS
grafted smooth glass prism slides against a PDMS grafted
polished silicon wafer !Fig. 2". In the latter case, as the
PDMS reduces the surface energy of the smooth surfaces
considerably, the surfaces do not stick to each other strongly.
Thus, diffusive experiments could be performed without
roughening the surfaces.

A. Preparations of glass surfaces

A glass slide !Fisherbrand" !(9 g" having dimension of
75&50&1 mm3 was grit blasted with alumina particles !
(45 "m" at a pressure of 90 psi for 45 s in an air fluidized
bed. The grit blasted glass surface was blown with a jet of
dry nitrogen gas followed by washing with copious amounts
of de-ionized !Millipore" water. The roughened glass plate
and a glass prism were sonicated first in de-ionized water and
then in acetone for 30 min each. They were sonicated again
in de-ionized water for 30 min. After rinsing the plate and
the prism with de-ionized water, they were dried with nitro-
gen gas. Both the glass surfaces were completely wettable by
de-ionized water in the contact angle measurements, which
ensures that they are free of gross organic contaminations.
No debris was also evident in optical microscopic examina-
tions. The roughened glass surface was examined using a
laser optical profilometer !STIL Micromeasure, CHR 150-N"
at different spots on the surface, each having a scanning area
of 500&500 "m2, with a scanning step size of 2.5 "m. The
root mean square value of the surface height fluctuation was
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FIG. 1. Schematic of the experimental setup.
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FIG. 2. Two test systems are shown: !a" a smooth glass prism on a rough
glass support and !b" a PDMS grafted smooth glass prism on a PDMS
grafted silicon wafer.
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IV. RESULTS

A. Stochastic motion of the prism on a rough surface

The stochastic motions of the prism on the solid support
at two different powers of the noise are shown in Fig. 4,
where it is evident that the prism exhibits a stick-sliplike
motion at a very low power, but a dispersive fluidlike motion
at a high power. Two types of analyses have been done with
these data. First is the estimation of the drift velocity from
the net displacement as a function of time, and second is the
estimation of the diffusivity from the stochastic fluctuations
of the displacement.

B. Drift velocity and the mobility

On a roughened glass substrate, the displacement data
were taken over several tracks on different parts of the sur-
face, each for certain duration of time. The prism showed an
occasional tendency to rotate as it drifted on the surface,
especially at higher powers and biases. Those tracks that did
not exhibit any rotation were used for data analysis. At lower
powers, although about ten to 12 tracks were sufficient for
the estimation of the drift velocity and the diffusivity, 25
tracks were used for the data analysis. However, for the
higher powers, larger numbers of tracks !"50# were used
owing to shorter duration of time !"2 s# for each track.

A typical evolution of a displacement distribution func-
tion is shown in Fig. 5 in linear scales. The general pattern
here is much like the case of the propagation of a Gaussian
distribution as shown in Eq. !7#.

P!x!# = Poe−!x! − Vdrift!#2/4D!. !7#

When plotted in the log-linear scales, as we will see later,
these PDFs exhibit non-Gaussian !exponential or stretched
Gaussian# tails in many situations, although the central part
of the distribution is nearly Gaussian at longer time scales.
Equation !7# suggests that the peak of the PDF moves with a
velocity Vdrift and its variance broadens with !, both of which
applies in our case. We estimate the drift velocity and the
diffusivity from the gradients of the displacement and vari-
ance with respect to time, respectively. With appropriate sub-
stitutions, Eq. !7# can also be converted to Eq. !8#, which

represents the fluctuation of gravitational work !gravitational
potential energy#

P!+ W!#
P!− W!#

= exp$ W!

!D/"#% . !8#

Here, W!=m#̄x! is the work performed by gravity, which
fluctuates with x!, and "=Vdrift /m#̄ is the mobility. Accord-
ing to Eq. !8#, if W! is nondimensionalized by dividing it by
D /", we obtain a work fluctuation relation for this system
driven with an external force and excited by an external
noise. This equation states that the ratio of the probabilities
of finding the positive and negative values of a particular
value of work is equal to the exponential of the positive
value !see SM-F for more details and a related reference#.36

As D /" is equal to kBT in a thermal system according to
Einstein equation, it is interesting to check if a similar equa-
tion can be obtained by replacing kBT with an equivalent
energy scale mK!! /2 in the current athermal system.

For the prism on the roughened glass support, Vdrift in-
creases sublinearly with K !Fig. 6#, while at a given value of
K, the velocity increases linearly with the bias. When the
drift velocities are normalized by dividing it with m#̄ to ob-
tain a generalized mobility as a function of K, all the mobili-
ties do indeed cluster nicely around a single master curve
!Fig. 7#. These data are consistent with our previous report,23

although the previous studies were conducted with a smaller
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FIG. 4. The trajectory of the stochastic motion of a glass prism on a glass
substrate under the influence of applied bias !0.29 mN# and Gaussian white
noise of power 0.0005 m2 /s3 is shown. A typical trajectory at same bias but
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IV. RESULTS

A. Stochastic motion of the prism on a rough surface

The stochastic motions of the prism on the solid support
at two different powers of the noise are shown in Fig. 4,
where it is evident that the prism exhibits a stick-sliplike
motion at a very low power, but a dispersive fluidlike motion
at a high power. Two types of analyses have been done with
these data. First is the estimation of the drift velocity from
the net displacement as a function of time, and second is the
estimation of the diffusivity from the stochastic fluctuations
of the displacement.

B. Drift velocity and the mobility

On a roughened glass substrate, the displacement data
were taken over several tracks on different parts of the sur-
face, each for certain duration of time. The prism showed an
occasional tendency to rotate as it drifted on the surface,
especially at higher powers and biases. Those tracks that did
not exhibit any rotation were used for data analysis. At lower
powers, although about ten to 12 tracks were sufficient for
the estimation of the drift velocity and the diffusivity, 25
tracks were used for the data analysis. However, for the
higher powers, larger numbers of tracks !"50# were used
owing to shorter duration of time !"2 s# for each track.

A typical evolution of a displacement distribution func-
tion is shown in Fig. 5 in linear scales. The general pattern
here is much like the case of the propagation of a Gaussian
distribution as shown in Eq. !7#.
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When plotted in the log-linear scales, as we will see later,
these PDFs exhibit non-Gaussian !exponential or stretched
Gaussian# tails in many situations, although the central part
of the distribution is nearly Gaussian at longer time scales.
Equation !7# suggests that the peak of the PDF moves with a
velocity Vdrift and its variance broadens with !, both of which
applies in our case. We estimate the drift velocity and the
diffusivity from the gradients of the displacement and vari-
ance with respect to time, respectively. With appropriate sub-
stitutions, Eq. !7# can also be converted to Eq. !8#, which

represents the fluctuation of gravitational work !gravitational
potential energy#
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Here, W!=m#̄x! is the work performed by gravity, which
fluctuates with x!, and "=Vdrift /m#̄ is the mobility. Accord-
ing to Eq. !8#, if W! is nondimensionalized by dividing it by
D /", we obtain a work fluctuation relation for this system
driven with an external force and excited by an external
noise. This equation states that the ratio of the probabilities
of finding the positive and negative values of a particular
value of work is equal to the exponential of the positive
value !see SM-F for more details and a related reference#.36

As D /" is equal to kBT in a thermal system according to
Einstein equation, it is interesting to check if a similar equa-
tion can be obtained by replacing kBT with an equivalent
energy scale mK!! /2 in the current athermal system.

For the prism on the roughened glass support, Vdrift in-
creases sublinearly with K !Fig. 6#, while at a given value of
K, the velocity increases linearly with the bias. When the
drift velocities are normalized by dividing it with m#̄ to ob-
tain a generalized mobility as a function of K, all the mobili-
ties do indeed cluster nicely around a single master curve
!Fig. 7#. These data are consistent with our previous report,23
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A. Stochastic motion of the prism on a rough surface

The stochastic motions of the prism on the solid support
at two different powers of the noise are shown in Fig. 4,
where it is evident that the prism exhibits a stick-sliplike
motion at a very low power, but a dispersive fluidlike motion
at a high power. Two types of analyses have been done with
these data. First is the estimation of the drift velocity from
the net displacement as a function of time, and second is the
estimation of the diffusivity from the stochastic fluctuations
of the displacement.

B. Drift velocity and the mobility

On a roughened glass substrate, the displacement data
were taken over several tracks on different parts of the sur-
face, each for certain duration of time. The prism showed an
occasional tendency to rotate as it drifted on the surface,
especially at higher powers and biases. Those tracks that did
not exhibit any rotation were used for data analysis. At lower
powers, although about ten to 12 tracks were sufficient for
the estimation of the drift velocity and the diffusivity, 25
tracks were used for the data analysis. However, for the
higher powers, larger numbers of tracks !"50# were used
owing to shorter duration of time !"2 s# for each track.

A typical evolution of a displacement distribution func-
tion is shown in Fig. 5 in linear scales. The general pattern
here is much like the case of the propagation of a Gaussian
distribution as shown in Eq. !7#.
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these PDFs exhibit non-Gaussian !exponential or stretched
Gaussian# tails in many situations, although the central part
of the distribution is nearly Gaussian at longer time scales.
Equation !7# suggests that the peak of the PDF moves with a
velocity Vdrift and its variance broadens with !, both of which
applies in our case. We estimate the drift velocity and the
diffusivity from the gradients of the displacement and vari-
ance with respect to time, respectively. With appropriate sub-
stitutions, Eq. !7# can also be converted to Eq. !8#, which

represents the fluctuation of gravitational work !gravitational
potential energy#
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Here, W!=m#̄x! is the work performed by gravity, which
fluctuates with x!, and "=Vdrift /m#̄ is the mobility. Accord-
ing to Eq. !8#, if W! is nondimensionalized by dividing it by
D /", we obtain a work fluctuation relation for this system
driven with an external force and excited by an external
noise. This equation states that the ratio of the probabilities
of finding the positive and negative values of a particular
value of work is equal to the exponential of the positive
value !see SM-F for more details and a related reference#.36

As D /" is equal to kBT in a thermal system according to
Einstein equation, it is interesting to check if a similar equa-
tion can be obtained by replacing kBT with an equivalent
energy scale mK!! /2 in the current athermal system.

For the prism on the roughened glass support, Vdrift in-
creases sublinearly with K !Fig. 6#, while at a given value of
K, the velocity increases linearly with the bias. When the
drift velocities are normalized by dividing it with m#̄ to ob-
tain a generalized mobility as a function of K, all the mobili-
ties do indeed cluster nicely around a single master curve
!Fig. 7#. These data are consistent with our previous report,23
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The experimental data of the stochastic displacement
!x!" of the prism as a function of time, as obtained from
several tracks, were combined in order to obtain the PDF of
x! for K ranging from 0.0005 to 1.83 m2 /s3 and m"̄ ranging
from 0.29 to 2.8 mN. These PDFs allowed the estimation of
the diffusivities from the plot of the variance of the displace-
ment #x!

2 = !#x!
2$− #x!$2" versus !, using the well-known ex-

pression: D=d!#x!
2 " /2d!. Here we examine the time evolu-

tion of the variance of the displacement distribution
corresponding to m"̄=0.29 mN and K=0.04 m2 /s3.

The variance of the displacement fluctuation first
increases sharply !Fig. 12" followed by a decrease at
!%0.02 s; it then increases linearly with time. Clearly, the
prism exhibits an anomalous dispersion at short times. This
kind of anomalous diffusive behavior at short times is repro-
ducible and has been observed with other biases as well !see
SM-G, Fig. S10".36 The diffusivity that we report in this
paper is obtained from the slope of the linear portion of the
variance of the displacement as a function of ! at a longer
time scale. The diffusivity data at different powers and biases
are summarized in Figs. 13 and 14.

The data summarized in Fig. 13 show that there are three
distinct transport behaviors of the prism. The apparent diffu-

sivity at the lowest power !0.0003 m2 /s3" is already sub-
merged into background noise of the system. Furthermore, at
this power of the noise, no net drift of the solid object is
observed. This is like a solid phase. A phase transitionlike
behavior coupled with a stick-slip motion of the object is
observed !Fig. 13" as the power is increased from 0.0003 to
0.0005 m2 /s3. The residence time in stick !solidlike" phase
decreases with the power of the noise. The frequent occur-
rences of the slip motion eventually merge into the fluidlike
random motion at higher powers !K$0.01 m2 /s3".

The diffusivity of the prism in the fluidlike state varies
with K with an exponent of 1.6, which deviates from that
!3.0" predicted by de Gennes.29 This is not surprising at first
because de Gennes assumed that only dry friction operates at
the interface. However, we suspect that another cause of this
difference arises from poor correlations of displacements,
which will be discussed below.

F. Estimation of diffusivity

The diffusivity governed by purely kinematic friction
!D=K!L

2 /2" is in the range of 107–109 %m2 /s for K ranging
from 0.01 to 1.8 m2 /s3, which is obviously much larger than
the experimental values !%102–106 %m2 /s for same range
of K" !Fig. 13". By ignoring the kinematic friction, de
Gennes29 derived an equation for diffusivity for the dry fric-
tion case as follows:

D =
4
&
&

0

' &
0

'

dtdk
pk2

!p2 + k2"3exp'− K!p2 + k2"t( , !9"

where p=( /2K.
Diffusivities estimated using Eq. !9" varies with K with

an exponent of 3. Furthermore, its values are in the range of
103–1010 %m2 /s for the range of K as above, which are still
larger than those measured experimentally.

Clearly, our experimental data are not totally consistent
with the predictions based on the simple model of de
Gennes.29 Our hypothesis is that the cause for the measured
diffusivities being so much smaller than the predicted values
is that the correlation time of the stochastic velocities is
much smaller than either the Langevin or the dry friction
times !!L or !(". Indeed, using the relationship between the
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Experiment
With Andrea Puglisi, Andrea Gnoli (La Sapienza, Rome)

Rotating pawl in granular gas

Granular gas
I ∼ 50 spheres, 6mm diameter
I Gaussian velocity pdf (by camera tracking)

Angle encoder (rate: 1 kHz)

Solid friction: Ball bearing
Frequency regimes:

I High: Gaussian noise
I Low: Poisson noise7

velocity and acceleration are obtained from the angular
position (in function of time) by differentiation. A bidi-
mensional histogram is calculated and a peak-finding pro-
cedure has been applied in order to obtain the most prob-
able trajectories in (ω, ω̇) space. Finally, the most prob-
able trajectory is fitted with the above linear equations,
yielding the values Ffriction = (9.9±0.7)×103 gmm2/s2

and Γvisc = (1.6 ± 0.2) × 103 g mm2/s. It is inter-
esting to notice that viscous friction becomes impor-
tant for velocities larger than the threshold velocity
ωth = Ffriction/Γvisc ≈ 6.2 s−1, separating the friction-
dominated regime ω # ωth from the viscosity-dominated
one ω $ ωth.

Restitution coefficients. The beads-rotator restitution
coefficient α has been measured launching a single bead
against the rotator while recording the rotator position at
high sampling rate (1 kHz). For these measurements the
top of the apparatus is removed and put with the rota-
tion axis parallel to the floor. A bead falls from height h
and hits the rotator with velocity v =

√
2agh (here ag in-

dicates the gravity acceleration). The high-speed camera
has been used to monitor the exact distance x of the im-
pact point from the rotation axis. We calculate the resti-
tution coefficient using the collision rule (see Section 2
below) adapted for this particular configuration in which
the rotator is at rest before the collision (Ω = V = 0)
and g ≈ x/RI . In this circumstances the velocity of the
rotator after a collision is ω′ = (1+α)vx/(I/m+x2). Re-
peated measurements on the symmetric rotator gave the
following results: α = 0.83 ± 0.16 (we recall that α = 1
for elastic collisions).

Granular gas velocity statistics. We discuss here the
methods used to characterize the velocity statistics of the
granular gas. A fast camera (EoSens CL by Mikrotron)
is placed above the PMMA container to catch horizontal
components of motion (vx, vy) of the polyoxymethylene
(POM) spheres constituting the granular gas. Focus of
lens is adjusted to the plane at half height of the probe.
Lighting is provided by a led-dome which diffuses light
on the system reducing shadows and reflections. Particle
tracking is enhanced by marking a few tracers: 3 POM
spheres are white, while all the other particles are black.
Pictures are taken at 250 frames per second: this is veri-
fied to be the optimal compromise between too large de-
lays, which prevent tracking of ballistic trajectories, and
too small ones, which produce “false movement” induced
by noise due to finite sensitivity of the camera resolution
and the centring algorithm. Uncertainty in the determi-
nation of the centre of mass of tracer spheres is estimated
to be ∼ 0.05 mm. The details of velocity measurements
and error estimates are reported in [36]. In Figure 6 we
display a typical snapshot of the system from the camera
(see also the accompanying Movie).

For each choice of shaking parameters we have com-
puted the velocity histogram from a series of 2 × 104

contiguous frames. Examples of those histograms are re-

FIG. 6: A snapshot of the system taken from the fast camera
(shaker is vibrating at 53 Hz with rescaled maximum acceler-
ation Γ = 8).

ported in Figure 7, left frame. A Gaussian fit is seen
to be a good approximation and provides the value of
v0 =

√
〈v2〉 where v is vx or vy (isotropy is always veri-

fied). In the right frame of Figure 7 we report the values
of v0 as function of the rescaled maximum acceleration
Γ = amax

ag
where ag is gravity acceleration and the zs(t)

position of the shaker’s vibrating head follows the law
zs(t) = amax

(2πf)2 sin(2πft) with f being the vibration fre-
quency.

Rotator velocity signal. An example of the velocity
signal ω(t) in two different regimes (frequent and rare
collisions) is shown in Figure 8, left frame, for the case
of the symmetric rotator. In the right frame of the
same Figure, we show the angular velocity autocorrela-
tion C(t) = 〈ω(t)ω(0)〉− 〈ω〉2 versus time. Note that the
signal average is much smaller than its standard devia-
tions and, hence, it is negligible in C(t).

Here, it is interesting to comment about the smaller
characteristic time associated to the system with rare col-
lisions (red curve), with respect to that with frequent col-
lisions (black curve): this is a consequence of the smaller
typical velocity in the rare collisions configuration, which
induces faster relaxations through Coulomb friction dis-
sipation (we recall that τ∆ ≈ 〈|ω|〉

∆ ). Similar results are
obtained with the asymmetric rotator.

[1] T. L. Hill, Thermodynamics of Small Systems (Dover
Publications, New York, 1964).

[2] M. Schliwa and G. Woehlke, Nature 422, 759 (2003).
[3] S. Rice et al., Nature 402, 778 (1998).
[4] I. Rayment et al., Science 261, 50 (1993).
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Granular Brownian motion with dry friction

A. Gnoli1, A. Puglisi1 and H. Touchette2
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PACS 05.20.Dd – Kinetic theory
PACS 05.40.-a – Fluctuation phenomena, random processes, noise, and Brownian motion

Abstract. - The interplay of Coulomb friction and random excitations is studied experimentally
in a setup where a rotating probe is in contact with a stationary granular gas. The granular
material is independently fluidized by means of a vertical shaker, providing a kind of “bath”
for the Brownian-like motion of the probe. A sphere bearings supporting the probe exherts
non-linear Coulomb friction upon it. The experimental velocity distributions, autocorrelations
and power spectra are compared with existing theories. The linear Boltzmann equation with
friction describing the system is known to be simplified in two opposit limits: at high collision
frequency (provided that the probe’s mass is larger than that of the grains) it is mapped toward a
Fokker-Planck equation with friction, while at low collision frequency it is described by a sequence
of random kicks followed by friction-induced relaxation. The comparison show good agreement
between experiments and. Deviations are observed at very small velocities, where the real bearings
presents oscillations not modeled by Coulomb friction.

Introduction. – importance of dry friction in the
presence of strong fluctuations (today more important be-
cause of small systems, nanomachines, etc.); importance of
dry friction for granular materials (e.g. for ratchets etc.);
fundamental importance of the problem, small history (de
Gennes etc.)

Setup. – A granular gas made of N = 50 spheres
of “delrin” (a plastic polymer) of diameter d = 6 mm
and mass m = 0.15 g in a cylinder of volume V ≈
1.9× 105 mm3 (and number density n = N/V ) is shaken
with a sinusoidal law with frequency 53 Hz and variable
amplitude (measured by maximum rescaled acceleration
amax/g where g is gravity acceleration). Suspended into
the gas a pawl (also called “rotator”) of total surface
Σ = 1.2× 103 mm2, mass M = 6.49 g and momentum
of inertia I = 353 g mm2 can rotate around a vertical axis
attached to a spheres bearing: it is convenient to introduce
its radius of inertia RI =

√
I/M . See Fig. 1 for a sketch

of the system and the definition of some quantities. A
measure of the frictional torque of the bearing (rescaled by
pawl inertia) gives ∆ = Ffrict

I = 38 ±4 s−2. Measure of air
viscosity gives (rescaled by pawl inertia) γa = 6 ±1 s−1.
The granular gas is stationary and (roughly) homogeneous
with a mean free path λ = (nΣ)−1 and “thermal” ve-

electrodynamic
shaker

accelero-
meter

rotator

high-speed camera

angular encoder
n

t

r v

rotator
axis

M

m

Fig. 1: Setup and definition of quantities. Warning: the
figure is the one for the ratchet, it must be modified
to keep only the “symmetric” rotator.

locity v0 (velocity distribution of spheres on the horizon-
tal plane is fairly approximated by a gaussian). In our
setup at homogeneous fluidization λ−1 ≈ 0.31 mm−1. We
have changed the maximum acceleration rescaled by grav-
ity Γ = amax/g from 6 to 20, finding for the “thermal

p-1
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Low frequency regime (Poisson)

A. Gnoli1, A. Puglisi1 and H. Touchette2

velocity” of the granular gas v0 values from 200 mm2 s−2

to 500 mm2 s−2. The pawl is also characterized by its
“symmetric shape factor” (see [1]) which is measured to
be 〈g2〉surf = 1.51, with 〈〉surf being a uniform average
over the surface of the object parallel to the rotation axis.
Collisions between spheres and the pawl have a restitution
coefficient measured to be α ≈ 0.83. For the following dis-
cussion it is also useful to introduce the “equipartition”
angular velocity ω0 = v0ε/RI where ε =

√
m
M : note that

- because of inelastic collisions and frictional dissipations
- the rotator does not satisfy equipartition, and ω0 is only
a useful reference.

Boltzmann equation. – The single particle proba-
bility density function (pdf) p(ω, t) for the angular veloc-
ity of the rotator is fully described, under the assumption
of diluteness which guarantees Molecular Chaos, by the
following linear Boltzmann equation2,3

∂tp(ω, t) = ∂ω[(∆σ(ω) + γaω)p(ω, t)] + J [p, φ] (1a)

J [p, φ] =
∫

dω′W (ω|ω′)p(ω′, t)− p(ω, t)fc(ω), (1b)

fc(ω) =
∫

dω′W (ω′|ω) (1c)

W (ω′|ω) = ρS

∫
ds

S

∫
dvφ(v)Θ[(V(s)− v) · n̂]× (1d)

|(V(s)− v) · n̂|δ[ω′ − ω −∆ω(s)],

∆ω(s) = (1 + α)
[V(s)− v] · n̂

RI

g(s)ε2

1 + ε2g(s)2
, (1e)

where we introduce the rates W (ω′|ω) for the transition
ω → ω′, the velocity-dependent collision frequency fc(ω),
the pdf for the gas particle velocities φ(v) and the so-called
kinematic constraint in the form of Heaviside step func-
tion Θ[(V−v) · n̂] which enforces the kinematic condition
necessary for impact. We have used the following symbols:
V(s) = ωẑ × r(s) is the linear velocity of the rotator at
the point of impact r(s) parametrized by the curvilinear
abscissa along the outer perimeter of the rotator, n̂(s) is
the unit vector perpendicular to the surface at that point,
and finally g(s) = r(s)·t̂(s)

RI
with t̂(s) = ẑ×n̂(s) which is the

unit vector tangent to the surface at the point of impact.
We refer to Fig. (1) a visual explanation of symbols. The
collision rule is implemented by Eq. (1e) [1].

Different regimes. – An estimate of the ratio be-
tween stop time due to dissipation (dominated by dry
friction) τ∆ ∼ ω0

∆ and collisional time τc ∼ 1
nΣv0

is

β−1 = εnΣv2
0√

2πRI∆
≈ τ∆

τc
. A transition from a regime (at

β−1 ( 1) with fast stopping due to dissipation and rare
collisions exciting again the rotator, called RCL (rare col-
lisions limit) and a regime (at β−1 ) 1) with the ro-
tator always in motion, continuously perturbed by colli-
sions, called FCL (frequent collisions limit), is expected at
β ∼ 1. The difference between the two regimes is shown
in the Figure (2a).
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Fig. 2: a) Two examples of signal ω(t) for different values
of β−1 in the experiment; b) experimental pdfs; c) the peak
around ω = 0 in the experimental pdfs.

Note that Talbot et al [2] have introduced a slightly dif-
ferent parameter called Γ∗s = ∆I

ρL2mv2
0
: they consider a very

thin rectangular rotator of length L and a 2-dimensional
projection of the system with density ρ, so that our nΣ
is their ρ(2L), our RI is their L/(2

√
3), leading to the

correspondence β →
√

6πεΓ∗s.
The gas velocity distribution on the plane perpendicular

to the rotation axis, φ(v), is measured through a fast cam-
era, following the details given in [3]: for all parameters
it is well approximated by a Gaussian distribution with

p-2

Effective granular temperature:

β−1 ∼ τ∆

τc
� 1

Collisions followed by relaxation

Poisson collision model

Stationary distribution:

p(ω) = aδ(ω) + (1− a)psmooth(ω)
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High frequency regime (Gaussian)
A. Gnoli1, A. Puglisi1 and H. Touchette2

velocity” of the granular gas v0 values from 200 mm2 s−2

to 500 mm2 s−2. The pawl is also characterized by its
“symmetric shape factor” (see [1]) which is measured to
be 〈g2〉surf = 1.51, with 〈〉surf being a uniform average
over the surface of the object parallel to the rotation axis.
Collisions between spheres and the pawl have a restitution
coefficient measured to be α ≈ 0.83. For the following dis-
cussion it is also useful to introduce the “equipartition”
angular velocity ω0 = v0ε/RI where ε =

√
m
M : note that

- because of inelastic collisions and frictional dissipations
- the rotator does not satisfy equipartition, and ω0 is only
a useful reference.

Boltzmann equation. – The single particle proba-
bility density function (pdf) p(ω, t) for the angular veloc-
ity of the rotator is fully described, under the assumption
of diluteness which guarantees Molecular Chaos, by the
following linear Boltzmann equation2,3

∂tp(ω, t) = ∂ω[(∆σ(ω) + γaω)p(ω, t)] + J [p, φ] (1a)

J [p, φ] =
∫

dω′W (ω|ω′)p(ω′, t)− p(ω, t)fc(ω), (1b)

fc(ω) =
∫

dω′W (ω′|ω) (1c)

W (ω′|ω) = ρS

∫
ds

S

∫
dvφ(v)Θ[(V(s)− v) · n̂]× (1d)

|(V(s)− v) · n̂|δ[ω′ − ω −∆ω(s)],

∆ω(s) = (1 + α)
[V(s)− v] · n̂

RI

g(s)ε2

1 + ε2g(s)2
, (1e)

where we introduce the rates W (ω′|ω) for the transition
ω → ω′, the velocity-dependent collision frequency fc(ω),
the pdf for the gas particle velocities φ(v) and the so-called
kinematic constraint in the form of Heaviside step func-
tion Θ[(V−v) · n̂] which enforces the kinematic condition
necessary for impact. We have used the following symbols:
V(s) = ωẑ × r(s) is the linear velocity of the rotator at
the point of impact r(s) parametrized by the curvilinear
abscissa along the outer perimeter of the rotator, n̂(s) is
the unit vector perpendicular to the surface at that point,
and finally g(s) = r(s)·t̂(s)

RI
with t̂(s) = ẑ×n̂(s) which is the

unit vector tangent to the surface at the point of impact.
We refer to Fig. (1) a visual explanation of symbols. The
collision rule is implemented by Eq. (1e) [1].

Different regimes. – An estimate of the ratio be-
tween stop time due to dissipation (dominated by dry
friction) τ∆ ∼ ω0

∆ and collisional time τc ∼ 1
nΣv0

is

β−1 = εnΣv2
0√

2πRI∆
≈ τ∆

τc
. A transition from a regime (at

β−1 ( 1) with fast stopping due to dissipation and rare
collisions exciting again the rotator, called RCL (rare col-
lisions limit) and a regime (at β−1 ) 1) with the ro-
tator always in motion, continuously perturbed by colli-
sions, called FCL (frequent collisions limit), is expected at
β ∼ 1. The difference between the two regimes is shown
in the Figure (2a).
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Fig. 2: a) Two examples of signal ω(t) for different values
of β−1 in the experiment; b) experimental pdfs; c) the peak
around ω = 0 in the experimental pdfs.

Note that Talbot et al [2] have introduced a slightly dif-
ferent parameter called Γ∗s = ∆I

ρL2mv2
0
: they consider a very

thin rectangular rotator of length L and a 2-dimensional
projection of the system with density ρ, so that our nΣ
is their ρ(2L), our RI is their L/(2

√
3), leading to the

correspondence β →
√

6πεΓ∗s.
The gas velocity distribution on the plane perpendicular

to the rotation axis, φ(v), is measured through a fast cam-
era, following the details given in [3]: for all parameters
it is well approximated by a Gaussian distribution with

p-2

β−1 ∼ τ∆

τc
� 1

Caughey–de Gennes Brownian model

Stationary distribution:

p(ω) = C exp

[
−(|ω|+ ∆/γ)2

Γg/γ

]

Cusp at ω = 0

C (t) = 〈ω(t)ω(0)〉
No fitting parameter
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Crossover
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Good fit for β−1 � 1

Gaussian limit works

Solid friction important

No theory for Poisson limit
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Conclusions

Main results

Stationary distribution p(ω)

Correlation function C (t) = 〈ω(t)ω(0)〉
Power spectrum S(f )

Good fit with Gaussian (Brownian) theory

No fitting parameter

Missing theory

Poisson theory for C (t) and S(f )

Crossover between Poisson and Gaussian

Future experiments

Effect of external force

Stick-slip crossover with noise

Predictions available
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