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B Common formulae of information theory
Last compiled: August 14, 2007
Taken from T. Cover, J. Thomas, Elements of Information Theory, Wiley, 1991.

Entropy. H(X Zp )log p(x

H(X) =0 1 —loo. bl _logx

Hy(X) =logyaH,(X) 08q T = 1084 0108y T = 7 o

H(X) <log|&X| 1 log, €

x\ _ T
(a*) = a*lna,  (log,a) = —— = ==

o )2 P()*] oy = H(X)

Joint entropy. H(X,Y) Zp (z,y)logp(z,y)
7y
H(Xl, NN ,Xn) S Z?:l H(XZ) eq. iff Xz ind.

Conditional entropy. H(Y|X) = ZH(Y!x)p(w) =— Zp(x,y) log p(y, x)
T z,y

HY|X)>0eq. if Y = f(X), or iff Y|z is deterministic for all = € supp(X)

H(Y|X) < H(Y) eq. iff X,Y ind.

Relative entropy. D(p||q) = Z p(x log
q(x)

D(pllg) >0

D(pllu) = log|X| — H(X), u(z) = |X|"

Mutual information. I(X;Y) Zp T,y 10g ( i ) = D(p(z,y)||lp(z)p(y))

X)

)
) — H(XY) = H(Y) - H(Y|X)
)+ H(Y) - H(X,Y)

%’NNNN

Information metric. A(X,Y)=H(X|Y)+ H(Y|X)
A(X,Y) = H(X) + HY) — 2I(X;Y) = H(X,Y) — I(X,Y)

Chain rules.

H(X,Y) = H(X)+ H(Y|X)
H(X,Y|Z) = H(X|Z)+ H(Y|X, Z)
n
H(X1,.. Xn) = Y H(Xi| X150, X1)
=1
n
Xy, X Y) =) I(Xi;Y|Xi 1, Xia,..., X1)
i=1

D(p(z,y)|lq(z,y)) = D(p(x)|lg(z)) + D(p(y|z)|lq(y|x))



17

18

19

20

21

22

23

24

25

26

27

28

29

Conditioning.

Zp

(X\Z)

D(p(y|z)|lq(y|x)) Conditional relative entropy

) 1og PUI2)
Zy:p(yl )1 5 tulo)

I(X;Y|2) = H(X]Y, 2)

Convexity properties.
FQAzr 4+ (1= Nzg) < Af(21) +
E[f(X)] = f(E[X])

n @ n Zn a;
a; log = > a | log ==L

(1= X)f(z2) or f’(x) >0 Convex function
Jensen’s inequality

log sum inequality

Differential entropy. h(X) = — /p(x) log p(x) dx

h(X +a) = h(X) H(X?) +1log A — h(X)
h(AX) = h(X) + log | A] D(P||Q) >0
hX) < logsupr D(P||Q) = supp
h(X)=1 5 log 2mes? when X ~ N(m,o?)

D(P2|Q*)

Correlations and causation.
A—-B—C (A C) =0

I(A;C|B) # 0 in general
A« B — Cor I(A;C)#0 in general
A—-B—-C I(A; C|B) = 0 (bottleneck)

Chains of random variables.

X—-Y—2Z I(X;Y)>I(X;2)
I(Z;Y)>1(Z;X) eq. iff (X;Y]Z)=0
I(X;Y) > I(X;9(Y))
I(X;Y[Z) < I(X;Y)

X o y®) 5 zm [(X;Z) <logk

kE<n,k<m I(X;Z)=0ifk=1

Asymptotic equipartition theorem.

Conditional mutual information

1
_*1ng(l‘1,l'2, ce. ,.’En) -
n

Al = {z" € X2 nUHe) < p(
—Llogp(z") = H(X) (within ¢)
Pr{A"} >1—¢

‘A?‘ < on(H+e)

|AZ] > (1 - g)2ntH9)

mn) g 2—n

1 n
— 1 i
2 2 logpla)

—FE[logp(z;)] = H(X) (in probability)

(H-

)} Typical set

(from above result)

|A?| = 2" (within ¢ exponentially)
plam) = 20
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Method of types.

XiXo.. Xy, x120. ..y =" =2 € X" X = {al,aQ,...,a|X|}
Py(a) = N(alz)/n 20 Pula) = Type
P =A{P; : |z| =n} Set of types n
T(P)={x e X": P, =P} Type class
[Pul < (n+ 1) |7~ X"

[Py ~ nl¥]
Q™(x) = 27" H (=) +D(F[|Q)] X1Xo... X, ~iid Q(z)
Q™ (z) =2 (@ zeT(Q) Type Q seqs.
¥2"H(P) < |T(P)| < 2nH(P) |T(P)| = 2nH(P) Type class size
(n +11)|X‘
—————27PPIQ) < Qr(T(P)) < 27"PWPIQ)  Qn(T(P)) =27 "PPIIQ)  Type class prob.
(n+ 1)l

Pr{D(P,||Q) > ¢} < 2~

6 |X|10gn+1]

Pr{D(P||Q) > e} < nl¥l2=7e ~ 27 7e

Q"(E) <
P* = arg min D(P[|Q)

(n + 1)XI2=nD(P"[Q)

X1Xs... X, ~iid Q)  WLLN
D(P%[|Q) — 0 (ip)

X1Xo... X, ~iid Q(z) Sanov
pPCPp

Rate distortion theory.

d: X x X

d = 0, z=

R(D) =

r(D) = {2

Elements of probability theory.

1, z#2

X" — f(X") — g(f(X")) —

— Rt

&
&

min
z|x):Eld(X",X™)]|<D

1log%,0§D§02
0, D > o?

1 - ip
X; ~iid, — X, = E[X
ii n; — F|
Y =g(X), X =h(Y)=g"'(Y)
Y=9gX)=aX+p
Y=X+7

I(X; X)

Xn
maxd ﬁc) < 0o
E[d(X, X)] = Pr{X # X}
f(xm ef1,2,..., 2

WLLN

fy(y) =
N(u,

N(z,0%)
~ N (z,0%)
YNN($+Z,U%(+J2Z)

fx(h(y)) [N (y)] = fx(z)
2y L Nap + 3, a%0?)

s

Distance, distortion

Hamming distance
Rate (# bits needed)

Gaussian channel

oy



