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THE CONTINUOUS FOURIER TRANSFORM

FT {f(z / f(x) e 2™ dy

In 1 dimension:

IFT {F(u)} = f(z) = / F(u) 7 du

FT{f @)} = Fluo) = [ [ flag)e o ddy

In 2 dimensions:

(
IFT {F(u,v)} = f(z,y) = /OO /_00 F(u,v) e +v) dy dy

—0 oo

Example 4
A, if x €0, X]

Calculate and sketch the Fourier spectrum of f(x) = { 0, otherwise
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f(x)
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Fu) = [ flaje s F)| = |2 [sin(rax)| fe o)
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What happens to f(x) and |F'(u)| for small and large values of X? Explain
this phenomenon

THE DISCRETE FOURIER TRANSFORM

On a computer we have two restrictions:

(1) All functions are discrete, that is VECTORS

(2) These functions are defined on a FINITE interval

We again consider a continuous function, f(z), this time defined on the
interval [0, |, and proceed to discretise this function, defining it only at
certain points z,, that are Ax units apart

f(X)1

2L
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The Fourier series for f(x Z d,, >/l
L : 0, if n#£k
Note that / eZmnx/Le—kax/de _ ]
0 L, if n==k

And as before

d = / f —27rzn:c/de
1

L (Qf(x0)627rznxo/L_|_f( ) 27r7ln561/L_|_”._|_§f(xN)e27rz'an/L)

22

(Trapezium rule for numerical integration)

AZC i ) P . .
~ — Z flz)e ™ m@ill (Since f(zjin) = f(z;) V j)
j=0
L Azr 1 . gL
N TN HTIATSY =

N-1
. 1 —2ming
Let f(z;) = f(j) = f;, then d, = ~ ;:0: fe N — |

Ax =

Yo J
L N
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We therefore define the one dimensional DFT as follows:

| V-1
Fn:Nije_Qmm/N, n=0,...,.N—1
7= OR

N-1
Derivation of the DIFT: Multiply both sides with ¢>""*/" and calculate ) :

N—1N-1 n=0

Nlen 627rz'nk:/N _ i Z ij —2ming /N 27rmk:/N
n=>0 =0

’]’L:

1 — N-1
_ fj 5 J‘ 627rm (k—7)/
' n=0

j:

=

N—-1 —
2mi(k— 2min(k— if r 1
Let r = > (F)/N 50 E —9)/ E r' r—1"’ 7
n=0
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If r=1, then =%

Note that vt | then j £k
So N—-1 N, if 1=kF
2min(k—j)/ omi(k—j) _
e e r ...
n=0 Gy 1 T 7k

Note that 2™~/ — 1, therefore

N-1
62mn(k:—])/N N, if j=k
— 0, if j#Ek
N—-1 |
— F. eZmnk/N (fk:)
n=0
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1 N—-1
DFT: F,==> f e mmiN - —0,...,N—1
j=0
N—-1
DIFT: f, =) FE,e™/N  j=0,... N-1
n=0
Jiun=1J; VjeL :
Note that Fov—F YneZ (verify)

Similarly for the two dimensional case (here the functions are matrices,

images), we have:

M-1

B

N-1

DIFT: f(x,y)

V=

1 M—
DFT: F(u,v) = ——
(u,v) MNZ::

1N-1

> fl

0 y=0

F(u

—2m’(ux/M—|—vy/N)

27r7j(ux/M+vy/N)

M represents the number of rows and NV the number of columns
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Again note that F(u+ M,v+N)=F(u,v) Yu,vecZ

Matrix notation for the one dimensional case

[ Fp ] fw’ W w? w? w? 17 fo ]
F w’  w! w? w? w1 J1
F, _i w" w2 w w" ,wQ(N—l) f2
F; N | W w? w’ w? w3 V-1 f3
Py, _,u;o wN-1 wZ(J.V—l) w3(].\7—1) wN-D(V-1) | _f]\;—l |
1
. ] DFT : F=_—_0f
where w = e 2™/N, or alternatively: N
DIFT : f = OF
Example 5: Calculate the DFT of [2 3 4 4|7
CF | w? w® w? W] [2
| 1w w' w w| |3
Fl 4w w wt o 4
| F3 _wo w? W w9_ | 4]
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I 1 1 I ] [2] i 3.25 i [ 3.25 ]
1 -7 — ' —0. 201 :
Pl 1 ? ) 3 _ 0.5+ 0.25¢ ~ || = V0.375
411 -1 1 -1 4 —0.25 0.25
1 ¢ -1 —i | |4] |-05-025 | V0.375 |

PROPERTIES OF THE 2-D DFT

(G&W: page 258, section 4.6)

(1) Separa-
bility

F(u,v)

1 M—-1N-1
s Z f(:r,y) 6—27rz'(ua;/M+vy/N)
MN o
1 M—-1 N—
S Z —2miuz /M Z 27rz'vy/N
M z=0 Y=
1 M—-1
M e—27rzua;/M F( )
x=0
1 N—-1
~ flo,y) e N e —0,...,M—1
y=0
1 M—-1
v F(z,v) e ueM gy —0,...,N -1
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(0,0) " '}) —_— Y —_— Y
1 II
1-D DFT 1-D DFT
of rows |of columng
(X y) 11{[F(XV) 111 F(u,v)
X x u
(M-1,0) (M-1,N-1)

2-D DFT
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(2) Translation

{ )627m'(u0:c/M—|—v0y/N)}
| Mool
_ { flz,y) 627ri(u0x/M+voy/N)} o= 2mi(uz/M+vy/N)
MN x=0 y=0
M—-1N-1
Z o~ 2mil(u—uo)z/M-+(v—vo)y/N]
M =0

F(u—uo,v—vo)

Therefore
f(ZU, y> e27ri(u033/M—i—voy/N) PN F(U, — Up, v — UO)
Similarly

f(x — z0,y — yo) & F(u,v) e 2mituro/Mrvu/N)

(verify)
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M N
Note that, if vy = - and vy = 5 then

flen)-0 o F (u-o-5)

This is exactly what fftshift does in MATLAB

Note that |FT {f(x —z¢, y — yo)}| = |F(u,v) (verify)
Why is this significant?

(3) Periodicity/Symmetry

Periodicity

Remember that we have the following in two dimensions:
fla+M,y+N)=flz,y)
Flu+M,v+ N) = F(u,v)

This implies that we only need to know f(z,y) or F'(u,v) for one period
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Symmetry: In 1-D: |[F(u)| = |F(—u)[; In 2-D: |F(u,v)| = |F(—u, —v)|

08 ]
0.6 -
N=150

0.4 —

0.2 .

50
()
OH \/\/\/\/V\/\/\/\MM/\A/WW M\AMN\/\/\A/\/W
-50 1
(o] 50 100 150

S0

fitshift(fft(f))

e e

-50
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Also see Figure 4.23 on p 260 of G&W

F(u)

Two back-to-back ol
periods meet here. |

peae®e et el T et Tl oo u
[ T T
M2 0 Mjz—1—" M2 y ; M
I(u)
- Two back-to-back
c periods meet here.
.. . ®. " . . R . A “v.
} e, e }k_- . -I'C as K -
0 M/2 M-1
‘*— One period (M samples) ——‘

I I \ \ I
S [ 20 B -
| | | | ! |
| | | | | |
I I \ \ | I
| + | | |
| | | | | |
| | L | |
I I \ \ 0,0 IN/2 N -1-
R N il ‘T""("L} -

| | o

! | F(u. ) | | M2 —

: :Four back-to-back } }

I I periods meet here. | \

I I \ \ M-1 F(u,v)
S [ IR - -

u /!
Four back-to-back

_ periods meet here.
|| = Periods of the DFT.

D = M X N data array, I{u, v).

Remember: always display abs( fftshift( FT ) ), but manipulate FT or

fftshift( FT )
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(4) Rotation: In polar coordinates we have f(r,0 + 6y) < F(w, ¢ + 6))

We prove this result for the continuous case only and first derive an expres-
sion for the Fourier transform in polar coordinates:

Fun)= [ [ s o

Let xt =rcosf, y=rsinf, u =wcos¢, and v = wsin ¢, then

2w poo
F(w,gb) _ /O /O f(?“, 9) e—2m’(rwcos@cos¢—|—rwsin@sin¢)rdrd9

2T 00
_ / / f(T, 6)) e—27rirwcos(9—¢)rdrd6)
Therefore o0

2T 00
FT {f(r,0+6p)} = / / f(r, 0+ 0p) e 2w cs0=0)pqdrdp
0 0
Let 6 + 6, = 0, then

2m
FT{f(r,0+0y)} = / / £(r,0) e 2mirwcos(0=00t0) . .1
= F w Qb—l—(g()
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(5) Distributivity and scaling

Distributivity

FT {CL f1($7y> + be(Z,y)} =aFT {f1<$,y)} +bFT {f2<$7y)}

Scaling 1 U v
b —F( )
flaz y)@m‘ — 3

We again prove this for the continuous case only
FT{f(az,by)} = / / f(az,by) e de dy

1 1
Let g=az and h = by = d:c:—dg and dy:Edh, then

T et} = 5 [ [ sem e dgan

- \ab| (a b)



