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Microcanonical vs canonical

N-particle system

Microstate: ω

Hamiltonian: U(ω)

Mean energy: u = U/N

Microcanonical

Control parameter: u

Density of states:

Ω(u) =

∫
δ(H(ω)− uN) dω

Entropy:

s(u) = lim
N→∞

1

N
ln Ω(u)

Canonical

Control parameter: β

Partition function:

Z (β) =

∫
e−βU(ω) dω

=

∫
Ω(u) e−βNu du

Free energy:

ϕ(β) = lim
N→∞

− 1

N
ln Z (β)
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Concave entropy

Microcanonical Canonical

s(u)

u

slope= β

slope= uϕ(β)

β

s(u) = βu − ϕ(β) ϕ(β) = βu − s(u)
ϕ′(β) = u s ′(u) = β

s ←→ ϕ
u ←→ β

s = ϕ∗ ϕ = s∗

Legendre duality
Equivalence of ensembles
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Problem 1: Nonconcave entropies
s

u

ϕ

β u

s**

Nonconcave Always concave
s

ϕ = s∗

s∗∗ = ϕ∗

s 6= s∗∗

s∗∗(u) = concave envelope of s(u)

s∗∗(u) ≥ s(u)

Nonequivalent ensembles

Related to first-order phase transitions
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Systems with nonconcave entropies

Gravitational systems
I Lynden-Bell, Wood, Thirring (1960-)

Spin systems

I Blume-Emery-Griffiths model
I Mean-field Potts model (q ≥ 3)
I Mean-field φ4 model

2D turbulence model
I Point-vortex models, Onsagers
I Kiessling & Lebowitz (1997)
I Ellis, Haven & Turkington (2002)
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Calculation methods
1 Contraction principle (large deviation theory)

2 Critical points of generating functions

3 Generalized canonical ensemble

Hugo Touchette (QMUL) Poles of partition functions November 2009 6 / 23



Problem 2: Affine entropies
Microcanonical Canonical Microanonical

Z (β)

↓
ϕ

β u

s**s

u

?↖ ↗?

Z (β)

Can we obtain s(u) from Z (β)?

Can we distinguish nonconcave/affine s(u) from Z (β)?
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Systems with affine entropies
2D Ising model
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Figure 3. Graph of the microcanonical entropy s(ε, m) of the spherical
model with coupling strength J = 1 on a 3-dimensional cubic lattice in the
thermodynamic limit.

the boundary points z0 = ±1/(dJ). These points are obtained by solving Eq. (12)
with z0 = ±1/(dJ), yielding the parabolas

ε±(m) = −dJ
m2 + ad

[
m2 ± (1−m2)

]

1 + ad
(14)

with

ad =
∫

[0,π)d

ddϕ

πd

∑d
j=1 cosϕj

d−∑d
j=1 cosϕj

(15)

for the two boundary curves.
Since the microcanonical entropy s(ε, m) in the thermodynamic limit is defined

piecewise in the regions I, II, III, one expects this function to be nonanalytic (i. e. not
infinitely-many times differentiable) at the borders of the regions. As a consequence,
the plot in Figure 2 can be interpreted as a microcanonical phase diagram, showing
at which values of the control parameters ε and m thermodynamic singularities are
encountered. From an overall plot of the graph of s(ε, m) as shown in Figure 3 this
nonanalytic behaviour is not immediately visible and we will consider derivatives of s
to illustrate these features in the next section.

In summary, we have observed that the asymptotic evaluation of the integral
governing the density of states yields different behaviours for the regions I, II, and
II, corresponding to the different phases of the spherical model. Only for region II a
saddle point analysis of the integral in (9) is applicable. Upon reaching the boundaries
of region II, the saddle point on the real z-axis gets stuck at the branch cut of the
exponent in Eq. (9), leading to a nonanalytic behaviour of the microcanonical entropy

Kastner & Pleimling PRL 2009

Kastner arXiv:0909.5638

First-order phase transitions

Metastability

Phase separation

Generic for short-range systems with first-order phase transition
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Starting point: Laplace transform

Laplace transform:

Z (β) =

∫ ∞

−∞
Ω(u) e−βNu du

I Region of convergence = ROC
I Analytic in ROC

Inverse Laplace transform:

Ω(u) =
1

2πi

∫ r+i∞

r−i∞
Z (β) eβNu dβ

I r ∈ ROC
I Bromwich contour

r Reβ

Imβ

BROC

Can we obtain s(u) from ILT?

Can we obtain nonconcave/affine s(u) from ILT?
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Standard approach: Steepest-descent approximations

Z (β) ≈ e−Nϕ(β)

S-D approximation:

Ω(u) ≈ 1

2πi

∫

B
eN[βNu−ϕ(β)] dβ

=
1

2πi

∫

C
eN[βu−ϕ(β)] dβ

≈ eN[β∗u−ϕ(β∗)]

I Saddle-point: ϕ′(β∗) = u
I S-D contour: Im{βu − ϕ(β)} = 0

Entropy:

s(u) = β∗u−ϕ(β∗) = inf
β
{βu−ϕ(β)}

β∗ r Reβ

Imβ

B

C

s(u) obtained is necessarily concave
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Two examples

Z1(β) = e−Nβ + eNβ

ϕ(β) = −|β|

Ω(u) = δ(u + 1) + δ(u − 1)

∞

−1 1
u

s(u)

Z2(β) =
eNβ − e−Nβ

β

ϕ(β) = −|β|

Ω(u) =

{
1 u =∈ [−1, 1]
0 otherwise

∞

−1 1
u

s(u)

Work with Z (β) not ϕ(β)
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New approach: Poles of partition functions

Z1(β) = e−Nβ + eNβ

No pole

Z2(β) =
eNβ

β
− e−Nβ

β

Poles

Poles in series representations of Z (β) ←→ Affine parts of s(u)

Ansatz

Z (β) =
∑

j

cj(β) e−Nϕj (β)

ϕj(β) are smooth

ϕj(β) are independent of N

cj(β) are sub-exponential in N

cj(β) may have simple poles

Decomposition is not unique
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Effect of poles

1. Distribute ansatz in ILT:

Ω(u) =
∑

j

1

2πi

∫

B
cj(β) eN[βu−ϕj (β)] dβ.

2. Deform Bromwich contour to S-D contour:
Case A: No crossing of poles:

1

2πi

∫

B

cj(β) eN[βu−ϕj (β)] dβ =
1

2πi

∫

C

cj(β) eN[βu−ϕj (β)] dβ

≈ eN[β∗j u−ϕ(β∗j )]

β∗ r Reβ

Imβ

B
C
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Effect of poles (cont’d)
2. Deform Bromwich contour to S-D contour:
Case B: Crossing of poles:

1

2πi

∫

B

cj(β) eN[βu−ϕj (β)] dβ =
1

2πi

∫

C

cj(β) eN[βu−ϕj (β)] dβ +
∑

res

β∗j
r×

β×j

Reβ

Imβ

B

× ×

C

Approximations:

1

2πi

∫

B
cj(β) eN[βu−ϕj (β)] dβ ≈ eN[β∗j u−ϕj (β

∗
j )]

︸ ︷︷ ︸
eN S-D

+
∑

`

σj` eN[β×j` u−ϕ(β×j` )]

︸ ︷︷ ︸
eN residueI β∗j : Saddle-point

I β×j` : Poles crossed (simple)
I σj`: Residue parity (sign)
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Effect of poles (cont’d)

3. Gather approximations:

Ω(u) ≈
∑

j

eN[β∗j u−ϕ(β∗j )] +
∑

`

σj` eN[β×j` u−ϕ(β×j` )]

I Possible cancellation of terms

4. Take largest term (Laplace approximation):

Ω(u) ≈ exp
(
N sup

j
sup
β∈Bj

{βu − ϕj(β)}
)

I Bj = set of non-cancelling saddlepoints β∗j and poles β×j`

Final result

s(u) = sup
j

sup
β∈Bj

{βu − ϕj(β)}
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Concavity of s(u)

s(u) = sup
j

sup
β∈Bj

{βu − ϕj(β)}

Affine s(u)

max over Bj picks up a pole

max over Bj picks up a saddlepoint that is constant as a function of u
I Farago JSP 2002
I Kastner arXiv:0909.5638

Strictly concave or nonconcave s(u)

max over Bj picks up neither a pole nor a constant saddlepoint

No poles

s(u) = sup
j
{β∗j u − ϕj(β

∗
j )} = sup

j
inf
β
{βu − ϕj(β)}
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Application: Kittel’s DNA zipper model
Kittel Am. J. Phys. 1965

Model:
I N bonds
I Bond energy = ε
I Degeneracy = G

Partition function:

Z (β) =
N−1∑

p=0

Gp e−βpε =
1− GNe−βNε

1− Ge−βε

Decomposition:

Z (β) =
1

1− e−(β−βc )ε
− e−N(βε−ln G)

1− e−(β−βc )ε

Poles: eβε = G
I Infinite number of poles
I How to deform contour?
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Application: Kittel’s DNA zipper model (cont’d)

Observations

Complex poles come from discrete energy levels

u = U/N → continuous variable in thermo limit

Study Z (β) in thermo limit

Thermo-limit partition function:

Z (β) =
N−1∑

p=0

Gp e−βpε =
∑

r

e−N(βrε−r ln G), r = p/N

→
∫ 1

0
e−Nu(βε−ln G) du =

1− e−N(βε−ln G)

N(βε− ln G )

Pole: βc = ε−1 ln G

Entropy:

s(u) =

{
βcu u ∈ [0, ε)
−∞ otherwise
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Large deviation generalization

Statistical mechanics Large deviation theory

u =
U

N
An Random variable

Ω(u) P(An = a) Prob distribution

Z (β) G (k) = 〈enkAn〉 Generating function

Ω(u) ≈ eNs(u) P(An = a) ≈ e−nI (a) Rate function

Z (β) ≈ e−Nϕ(β) G (k) ≈ enλ(k) Scaled cumulant
generating function

s(u) = inf
β
{βu − ϕ(β)} I (a) = sup

k
{ka− I (a)} Gärtner-Ellis Thm
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Application: Markov processes

Markov process: Xi ∈ {−1, 0, 1}

Sn =
1

n

n∑

i=1

Xi , p(x1, . . . , xn) = p(x1)
n∏

i=2

π(xn|xn−1)

Transition matrix:

Π =




1 p 0
0 c 0
0 1− p − c 1


 −1 0 +11 1

p 1− p − c

c

I Absorbing states: ±1

Generating function: G (k) = 〈enkSn〉
Transfer operator:

Πk =




e−k pe−k 0
0 c 0
0 (1− p − c)ek ek
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Application: Markov processes (cont’d)

Generating function:

Wn(k) =
e−nk

1− cek
+

enk

ek − c
+

en ln c(1− ek)(1− cek − p − ekp)

c − ek − c2ek + ce2k

I Infinite number of poles
I Real poles: k = ± ln c
I Keep only the real poles

Rate function:

∞

−1 1

ln c− ln c

s

I (s)
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Conclusion / open problems / conjectures

Main result

New mechanism for affine entropies

General canonical calculation method for s(u)

Works for affine or concave or nonconcave s(u)

Open problems

What to do with complex poles?

How to find ansatz? Z (β) =
∑

j cj(β) e−Nϕj (β)

How to find poles?
I Look at eigenvectors and eigenvalues of transfer operator

Conjectures

Complex poles related to discreteness of energy levels

Only real poles are “essential” in thermodynamic limit

Short-range systems with 1st PT ↔ real pole at βc
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Last result
If

s(u) is affine over (ul , uh):

s(u) = s(ul) + βc(u − ul)

Ω(u) ≈ eNs(u)

ϕ

β u

s**s

u

Then

Z (β) =

∫ ul

−∞
Ω(u) e−Nβu du +

∫ uh

ul

Ω(u) e−Nβu du

︸ ︷︷ ︸
∝

1

β − βc

+

∫ ∞

uh

Ω(u) e−Nβu du

s(u) affine ⇒ Z (β) admits an expansion with a pole
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