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Large deviation theory

Random variable: An

Probability density: P(An = a)

Large deviation principle (LDP)

P(An = a) ≈ e−nI (a)

Meaning of ≈:
ln P(a) = −nI (a) + o(n)

lim
n→∞

−1

n
ln P(a) = I (a)

Rate function: I (a) ≥ 0

Goals of large deviation theory

1 Prove that a large deviation principle exists

2 Calculate the rate function
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Result 1: Varadhan’s Theorem
LDP:

P(An = a) ≈ e−nI (a)

Exponential expectation:

E [enf (An)] =

∫
enf (a) P(An = a) da

Limit functional:

λ(f ) = lim
n→∞

1

n
ln E [enf (An)]

Courant Institute

Abel Prize 2007

Theorem: Varadhan (1966)

λ(f ) = max
a
{f (a)− I (a)}

Special case: f (a) = ka

λ(k) = max
a
{ka− I (a)}
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Result 2: Gärtner-Ellis Theorem

Scaled cumulant generating function (SCGF)

λ(k) = lim
n→∞

1

n
ln E [enkAn ], k ∈ R

Theorem: Gärtner (1977), Ellis (1984)

If λ(k) is differentiable, then

1 Existence of LDP:

P(An = a) ≈ e−nI (a)

2 Rate function:

I (a) = max
k
{ka− λ(k)}

I (a) is the Legendre transform of λ(k)

I (a) is strictly convex

Richard S. Ellis

J. Gärtner
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Sums of IID random variables
Cramér (1938)

Sample mean:

Sn =
1

n

n∑
i=1

Xi , Xi ∼ p(x), IID

SCGF:

λ(k) = lim
n→∞

1

n
ln E [enkSn ] = lim

n→∞

1

n
ln E

[
n∏

i=1

ekXi

]
= ln E [ekX ]

Gaussian

λ(k) = µk +
σ2

2
k2, k ∈ R

I (s) =
(s − µ)2

2σ2
, s ∈ R

Exponential

λ(k) = − ln(1− µk), k <
1

µ

I (s) =
s

µ
− 1− ln

s

µ
, s > 0
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General properties

P(An = a) ≈ e−nI (a)

Most probable value = typical value = min and zero of I

Zero of I = Law of Large Numbers

Local parabolic minimum = Central Limit Theorem

I(a)

a a

I(a)

p (a)n p (a)n
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Nonconvex rate function
Ioffe (1993)

Mixed Gaussian sample mean:

An = Y +
1

n

n∑
i=1

Xi , Xi ∼ N (0, 1), Y ∼ U{−1, 1}

LDP: P(An = a) ≈ e−nI (a)

Rate function:

I (a) =


(a + 1)2

2
a ≤ 0

(a− 1)2

2
a > 0

I (a) cannot be obtained from GE Theorem

λ(k) has nondifferentiable point

Legendre transform of λ(k) gives convex envelope I ∗∗(a)

Hugo Touchette (NITheP) Nonconcave spectra May 2013 8 / 19



Nonconcave entropies in statistical mechanics

N particles

Microscopic configuration: ω = x1, x2, . . . , xN

Energy: U(ω)
U

Entropy

Density of states:

ρ(u) = |{ω : U/N = u}|

LDP: ρ(u) ≈ eNs(u)

Entropy:

s(u) = lim
N→∞

1

N
ln ρ(u)

Free energy

Partition function:

Z (β) =
∑
states

e−βU

LDP: Z (β) ≈ e−Nϕ(β)

Free energy:

ϕ(β) = lim
N→∞

− 1

N
ln Z (β)
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Concave vs nonconcave entropy

Concave entropy:

ϕ(β) = inf
u
{βu − s(u)}

s(u) = inf
β
{βu − ϕ(β)}

s

u

slope= β

slope= u

ϕ

β

Nonconcave entropy:

s

u

ϕ

β u

s**

s∗∗(u) = concave envelope of s(u)

ϕ(β) is nondifferentiable for s(u) nonconcave

Hugo Touchette (NITheP) Nonconcave spectra May 2013 10 / 19



Examples

(Campa, Dauxois & Ruffo Phys Rep 2009)

Gravitational systems
I Stars
I Globular clusters

Spin systems
I Potts model
I φ4 model

2D turbulence

Optical lattices

Quantum spins
I Heisenberg model

Long-range interaction

Short-range interaction ⇒ concave entropy

s(u)

u
1

2
− 1

4
− 1

6
−

1

0

0.5

1

1.5

-1
-0.5

0
0.5

ε=0.16

ε=0.08

ε=-0.04

ε=0.04

ε=0

m

s(ε,m)

traces over the single-spin Hilbert spaces C2, which can be
easily performed. (iv) The resulting high-dimensional
complex integral can be solved in the thermodynamic limit
N ! 1, for example, by the method of steepest descent.

The final result for the microcanonical entropy of the
Curie-Weiss anisotropic quantum Heisenberg model in the
thermodynamic limit is

sðe;mÞ ¼ ln2$ 1
2½1$ fðe;mÞ& ln½1$ fðe;mÞ&

$ 1
2½1þ fðe;mÞ& ln½1þ fðe;mÞ& (5)

with

fðe;mÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

"
1$ !3

!?

#
$ 2e

!?

s
; (6)

and !? ¼ maxf!1;!2g [16], where sðe;mÞ is defined on the
subset of R2 for which

0<m2ð!? $ !3Þ $ 2e < !? and 2e <$m2!3: (7)

The result is remarkably simple, in the sense that an
explicit expression for sðe; mÞ can be given. This is in
contrast to the canonical ensemble, where gð"; hÞ is given
implicitly as the solution of a maximization [13]. Plots of
the domains and graphs of sðe;mÞ are shown in Fig. 1 for a
number of coupling strengths !?, !3.

Nonequivalence of ensembles.—On a thermodynamic
level, equivalence or nonequivalence of the microcanoni-
cal and the canonical ensembles is related to the concavity
or nonconcavity of the microcanonical entropy [5]. By
inspection of rows three to seven in Fig. 1 [or by simple
analysis of the results in (5)–(7)], the entropy s for !? >
!3 is seen to be a concave function on a domain which is a
convex set. For !? < !3, the domain is not a convex set
and therefore the entropy is neither convex nor concave. In
the latter case, microcanonical and canonical ensembles
are not equivalent, in the sense that it is impossible to
obtain the microcanonical entropy sðe;mÞ from the canoni-
cal Gibbs free energy gð"; hÞ, although the converse is
always possible by means of a Legendre-Fenchel
transform.

The physical interpretation of ensemble equivalence is
that every thermodynamic equilibrium state of the system
that can be probed by fixing certain values for e and m can
also be probed by fixing the corresponding values of the
inverse temperature"ðe;mÞ and the magnetic field hðe;mÞ.
In the situation !? < !3 where nonequivalence holds, this
is not the case: only equilibrium states corresponding to
values of (e, m) for which s coincides with its concave
envelope can be probed by fixing (", h); macrostates
corresponding to other values of (e, m), however, are not
accessible as thermodynamic equilibrium states when con-
trolling temperature and field in the canonical ensemble. In
this sense, microcanonical thermodynamics can be consid-
ered not only as different from its canonical counterpart,
but also as richer, allowing us to probe equilibrium states of
matter which are otherwise inaccessible. The realization of
a long-range quantum spin system by means of a cold

dipolar gas in an optical lattice offers the unique and
exciting possibility to study such states in a fully controlled
laboratory setting [17].
Thermodynamic equivalence of models.—Let us leave

aside for a moment the question of experimental realiza-

FIG. 1 (color online). Domains (left) and graphs (right) of the
microcanonical entropy sðe;mÞ of the anisotropic quantum
Heisenberg model for some combinations of the couplings !?,
!3. From top to bottom: ð!?;!3Þ ¼ ð1=4; 1Þ, (9=10, 1), (1, 1), (1,
9=10), (1, 1=2), (1, 1=5), (1, 0). For the domains, the abscissa is
the energy e and the ordinate is the magnetization m, and the
entropy is defined on the shaded area.

PRL 104, 240403 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
18 JUNE 2010

240403-3
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Multifractal formalism
Measure: µ(x)

Coarse-graining: pi ,ε =

∫
ith box

dµ(x)

Local exponent:

pi ,ε ∼ εαi , αi ,ε =
ln pi ,ε

ln ε

µ ε

Structure function

Partition function:

Sε(q) =
∑

i

εqαi,ε

LDP: Sε(q) ∼ ετ(q)

Structure function:

τ(q) = lim
ε→0

ln Sε(q)

ln ε

Distribution of local exponents

Histogram:

nε(α) = # boxes with

αε ∈ [α, α + dα]

LDP: nε(α) ∼ ε−f (α)

Multifractal spectrum:

f (α) = lim
ε→0
− ln nε(α)

ln ε
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Concave vs nonconcave spectrum
(HT & Beck JSP 2005)

Varadhan:
τ(q) = inf

α
{qα− f (α)}

Concave spectrum:

f (α) = inf
q
{qα− τ(q)}

Nonconcave spectrum:

f (α) ≤ f ∗∗(α) = inf
q
{qα− τ(q)}
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Examples from physics
(HT & Beck JSP 2005)

Turbulence
I dv(l) = |v(x + l)− v(x)|
I 〈(dv)p〉 ∼ lζp

Limited diffusion
I Jensen et al. PRE 2002

Chaotic systems
I Strange attractors
I Hénon map
I Driven damped pendulum
I Tominaga et al. PTP 1990

Dynamical indices spectra

arg!uJ ,J
k(n)"!#arg!w j ,J

k̃(J)""arg!wJ ,J
k̃(J)"1"$/2. !13"

In Fig. 1, right panel, we show, for the same cluster of
50 000, the map % (J)(uJ ,J

k(n)) with k(n) running between 1
and kmax , with J being the corresponding generation of cre-
ation of the midpoint. We see that now all the particles are
probed, and every single value of &k(n) can be computed.
To compute these &k(n) accurately, we define #in analogy

to Eq. !12"$ for every J#m'n ,

uJ ,m
k(n)()&m ,*m

$1 ! . . . !)& j"1 ,* j"1
$1 !uJ ,J

k(n)". !14"

Finally, &k(n) is computed from the definition !5" with

% (n)!!uJ ,n
k(n)"!)&n ,*n

! !uJ ,n
k(n)"•••)&J"1 ,*J"1

! !uJ ,J"1
k(n) "

%% (J)!!uJ ,J
k(n)". !15"

We wish to emphasize the relevance of this equation: the
problem with the coarse resolution that was exposed by Eq.
!11" occurs only inside the deepest fjords. We note, however,
that the particles inside the deep fjords were deposited when
the clusters were still very small. For small clusters the reso-
lution of the fjords does not pose a difficult problem. There-
fore, when we evaluate the derivative % (n) inside the deepest
fjord at a point uJ ,n

k(n) , we make use of the fact that J&n and
write the derivative in the form

% (n)!!uJ ,n
k(n)"!% (J)!!uJ ,J

k(n)"•+ , !16"

where + refers to correcting terms. On the left hand side of
Eq. !15" we see that within our limited numerical resolution
uJ ,n

k(n) , uJ ,n
k(n)"1 and the correponding values of &n are almost

identical whereas for the right hand side !RHS" this is not the
case. By keeping track of the branch cuts we improve the
precision inside the fjords dramatically. In other words, the
large screening inside the fjords is simultaneously the prob-
lem and the solution. The problem is that we cannot use the
standard approach in evaluating % (n)!. The solution is that
for a point uJ ,n

k(n) inside the deepest fjords we always have
that J&n and therefore the evaluation !15" helps to improve
the resolution.
In summary, the calculation is optimally accurate since we

avoid as much as possible the effects of the rapid shrinking
of low probability regions on the unit circle. Each derivative
in Eq. !15" is computed using information from a generation
in which points on the unit circle are optimally resolved.
The integral !8" is then estimated as the finite sum

!&0,k(n)&k(n)
q . We should stress that for clusters of the order

of 30 000 particles we already compute, using this algorithm,
&k(n) values of the order of 10$70. To find the equivalent
small probabilities using random walks would require about
1035 attempts to see them just once. This is of course impos-
sible, explaining the lasting confusion about the issue of the
phase transition in this problem. This also means that all the
f (-) curves that were computed before #15,32$ did not con-

verge. Note that in our calculation the small values of &k(n)
are obtained from multiplication rather than addition, and
therefore can be trusted.

III. MULTIFRACAL ANALYSIS OF THE
HARMONINC MEASURE

Having the accurate values &k(n) we can now compute the
moments !7". Since the scaling form on the RHS includes
unknown coefficients, we compute the values of .(q) by
dividing /&n

q0 by /&n 
q0, estimating

.!q "1$D
ln/&n

q0$ln/&n 
q0

ln n$ln n 
. !17"

Results for .(q) for increasing values of n and n are shown
in Fig. 3, left panel. It is seen that the value of .(q) appears
to grow without bound for q negative. The existence of a
phase transition is however best indicated by measuring the
derivatives of .(q) with respect to q. In Fig. 3 right panel,
we show the second derivative, indicating a phase transition
at a value of q that recedes away from q!0 when n in-
creases. Due to the high accuracy of our measurement of &
we can estimate already with clusters as small as 20–30 000
the q value of the phase transition as q*!$0.18'0.04. It is
quite possible that larger clusters would have indicated
slighly more negative values of q* !and see below the results
of different methods of estimates", but we believe that this
value is close to convergence. The fact that this is so can be
seen from the f (-) curve that is plotted in Fig. 4. A test of
convergence is that the slope of this function where it be-
comes essentially linear must agree with the q value of the
phase transition. The straight line shown in Fig. 3 has the
slope of $0.18, and it indeed approximates very accurately
the slope of the f (-) curve where it stops being analytic. The
reader should also note that the peak of the curve agrees with
D11.71, as well as the fact that .(3) is also D as expected
in this problem. The value of -max is close to 20, which is
higher than anything predicted before. It is nevertheless fi-
nite. We believe that this function is well converged, in con-
tradistinction with past calculations.

FIG. 3. Left panel, the calculated function .(q) using clusters of
n and n particles, with n!5000, 10 000, 15 000, and 25 000 and
n !10 000, 15 000, 25 000, and 30 000, respectively. Right panel,
the second derivative of .(q) with respect to q. The minima of the
curves get deeper when n is increased.

JENSEN, LEVERMANN, MATHIESEN, AND PROCACCIA PHYSICAL REVIEW E 65 046109

046109-4

Concavity of f (α) assumed in most cases

Related to multifractal or q phase transitions

How to obtain nonconcave f (α)?
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Generalized canonical ensembles
(Costeniuc, Ellis, HT & Turkington, JSP 2005; PRE 2006)

(HT & Beck JSP 2005)

Canonical

Sε(q) =
∑

i

εqαi,ε

τ(q) = lim
ε→0

ln Sε(q)

ln ε

Generalized canonical

Sg ,ε(q) =
∑

i

εqαi,ε+g(αi,ε)

τg (q) = lim
ε→0

ln Sg ,ε(q)

ln ε

Generalized Gärtner-Ellis Theorem

Choose g

If τg (q) is differentiable, then

f (α) = inf
q
{qα− τg (q)}+ g(α)
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Choice for g

Sg ,ε(q) =
∑

i

εqαi,ε+g(αi,ε)

Canonical:
I g = 0
I g = const
I g = γα

Gaussian: g(α) = γα2

Betrag: g(α) = γ|α|
Others?

s

u
Universal equivalence

Any spectrum can be obtained with Gaussian ensemble

γ > γc = max f ′′(α)

γ related to local curvature of f (α)

Supporting parabola interpretation

Also works for rate functions / entropies

Hugo Touchette (NITheP) Nonconcave spectra May 2013 16 / 19



Example: Mixed Gaussian sample mean

Gaussian SCGF:

λγ(k) = lim
n→∞

1

n
ln E [enkAn+n γ

2
A2

n ]

Sample: {A(j)
n }Lj=1

SCGF estimator:

λγ(k) =
1

n
ln

1

L

L∑
j=1

enkA
(j)
n +n γ

2
(A

(j)
n )2

Rate function:

I (a) = inf
k
{ka− λγ(k)}+

γ

2
a2

Simulations: L = 2000, n = 10
γ = −3,−2,−1, 0
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Open questions

Generalized formalism

Apply to real multifractals / signals

Numerical / sampling issues for Gaussian ensemble

Other functions g?

Previous studies

Revisit past studies of (concave?) spectra

Nonconcave for ε > 0 but concave for ε→ 0?

Other

Source of nonconcavity for multifractals

Physics: Long-range interaction or mixed phases

Long-range time correlations?
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