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Microcanonical ensemble

N\ Qu  Q microstate space
. u=U/N mean energy
Q, energy shell
P = const for microstate €

@ Density of states:
p(u) = #microstates with mean energy u

@ Microcanonical entropy function:

1

s(u) = N'gnoo —Inp(u)
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Canonical ensemble
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@ Canonical partition function:

zp)= », e

microstates

@ Canonical free energy function:

_ 1
p(B) = lim —N“‘Z(ﬁ)
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Basic properties

Free energy
@ () is always concave

@ () is the Legendre transform of s(u)

p(0) = Bug — s(ug),  s'(ug) =0

Entropy

@ s(u) is always concave

@ s(u) is the Legendre transform of ()

s(u) = Buu — o(By), ' (By) = u Not always true!

@ The microcanonical and canonical ensembles
are always equivalent
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Block spin model

Touchette, cond-mat/0504020

IR N e

N free spins N correlated (frozen) spins
N N
Ufree = Z Sj Ucorr = Z si = Ns;
i=1 i=1
s =+1, uH=1 | s = +1 )

@ Total energy:
Utor = Ufree + Ucorr

@ Mean energy:

u =
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Microcanonical entropy
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[ so(u+1) ifue[-2,0]
s(u) = { sg(u ~1)  ifue(0,2],

s == (15 n () - () (45)
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Canonical free energy

@ Solution:

p(8) = —In(2cosh ) — ||
@ Non-differentiable at 3 =0

@ First-order phase transition in canonical ensemble
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Equilibrium mean energy in canonical ensemble
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@ First-order phase transition at 3 =0
e Canonical “does not see” the mean energy region u € (—1,1)

@ Nonequivalence of ensembles for u € (—1,1)
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Nonequivalence of ensembles

0.6 )
s(u) 04 p(8) -4
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@ p = s* always
@ s=p*forué(-1,1)
@ s# ¢* forue(—1,1)
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Generalized canonical ensemble

Costeniuc, Ellis, Touchette & Turkington

JSP 119, 1283 (2005)
PRE 73, 026105 (2006)

@ Energy: U
@ Mean energy: u= U/N

Standard canonical

Generalized canonical

e—NBu e~ Nau—Ng(u)
Ps = Pgo =
Z(b) Zg(a)
Z(ﬁ) _ Z e—Nﬁu Zg(a) _ Z e—Nau—Ng(u)
microstates microstates
1
— lim ——InZ _ =
#(0) = jim, ~y I £(9) e(@) = fim —y InZe(e) J
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Gaussian ensemble

Challa & Hetherington (1988)

@ Pivot function: g(u)

@ Gaussian Gibbs measure:

Py

@ Gaussian partition function:

Zy(a)
@ Gaussian free energy:

(@)
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Gaussian free energy

@ Nondifferentiable point disappears as v — oo

@ Closing of the mean energy gap
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Equilibrium mean energy
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o Equilibrium mean energy: u, o = ¢ ()

@ Closing of the mean energy gap

@ First-order phase transition disappears as v — o0
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Recovering the entropy

N
vl

—_

S

@ Calculation of the entropy:

s(u) = awu—py(an) o, @(an) = u

Legendre transform: ¢

@ Correct entropy recovered as v — o0
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Conclusion

S**(U)

s(u) ©(B)
/\ . ﬁ *
—*>
u B
s is not necessarily concave

If s is nonconcave, then s # ©*

Related to first-order phase transitions

°

°

@ Basis for nonequivalence of ensembles

°

@ Generalized canonical free energy: ¢ — ¢g
°

Recovering equivalence: s = o, + g
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Systems with nonconcave entropies

e Gravitating particles (Thirring, Lynden-Bell, 1970s)
@ Mean-field and long-range spin models

» Blume-Emery-Griffiths model
» Potts model (g > 2)
» Hamiltonian mean-field model (¢*)

@ Model of plasma
@ Statistical models of turbulence

@ Typically: systems with long-range potentials
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Other applications

Multifractals
Nonconcave multifractal spectrum:

ne(a) ~ e~ ()

Touchette & Beck JSP (2006)

Nonequilibrium fluctuation theorems

Nonconvex fluctuation functions:

P(Wt = W) ~ e—tf(W)

Large deviation theory

Nonconvex rate functions:

P(A, = a) ~ e ")
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