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What is thermodynamics?

@ Science of heat

» how heat is transformed, stored, converted
» how heat flows

» science of heat engines (and fridges)

» based on thermodynamics laws

@ The actors:

Joule (1843) (units of energy)

Carnot (1824)

Kelvin (1850) (units of temperature)

Clausius (1850) (entropy = transformation energy)

vV v vy

@ Was invented before atoms were discovered!

» Heat = energy = caloric flow
» Clear now that heat = kinetic energy
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Thermodynamic potentials

@ Energy: E
Q w @ Heat: Q
—_— -
e Work: W
°
°

Entropy: S

Temperature: T

First law Second law
AE=AQ +AW J AQ=T AS J
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Free energy

F=E-TS

@ Part of E which is free to be extracted when T = constant

AF = —AW

—

T

@ Thermodynamic derivatives:

oF
aT

Gibbs's variational principle

4

— S,

«—

oF
oV

T
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The equilibrium state of a system has minimum free energy
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Statistical mechanics (thermostatistics)

Derive the macroscopic from the microscopic

@ Boltzmann (1872)
e Gibbs (1902)

o Maxwell, Planck, Einstein,...

@ T
0 0
@ o
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° 0
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0
@ @
e
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@ State of one particle: x;

@ Energy of one particle: u(x;)

@ Microstate: w = (x1,x2,...,Xn)

o Total energy:

Un(w)

N

> u(x)

=1

e N ~ 10?3 (Avogadro’s number)
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Introducing probabilities

Surrounding (Heat bath)
@)
@) o o ..
Subsystem © o
. O
w .. °' © O o
e o o
Plw)| e °©
e Canonical ensemble (Gibbs):
P( ) e_/BUN(w)
W) = —S—F—
Zn(B)

> Inverse temperature: 3= (kgT)™!
» Partition function (Zustandssumme):

Zn(B) = Z e BUN(w)
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Equilibrium energy

e Equilibrium property:

U N— .
uy = WN —=° constant (i.p.)

@ Probability for the mean energy:

Pluy= >,  Pw

w:Uy(w)=uN
e Equilibrium energy:

ug = global max of P(u)
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Calculation of the equilibrium energy
e Entropy: s(u)

# microstates with Uy = ulN ~ e"s(¥)

@ Free energy:

o(8) = — lim — In Zu(6)

N—oco N

Variational principle
@ ug is the global min of Gg(u) = Su — s(u)
o p(fB) =inf,{fu—s(v)} (Legendre transform)
o ¢'(8) = ug

Why free energy?

u
= —s F=E-TS
(IO kBT )
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Distribution of state
@ Distribution of state:
1 & # particles with state x
X)=—> 0(xi—x)=
1=

» Natural measure (dyn sys)
» Empirical vector (large deviations)

@ Energy: U
W= [ o) ux) = u(on)

@ Equilibrium state:

pp = global max of P(py)
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Calculation of the equilibrium states

Variational principle
pg is the global min of

Gs(p) = Bu(p) —s(p)  and  (B) = Bu(pg) — s(ps)

@ Statistical (Boltzmann-Gibbs-Shannon) entropy:

s(p) = / p(x)In p(x) dx

@ Gibbs state:

—Bu(x)
P = G 20) = [ ax
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General approach

Consider a system of N particles
@ Hamiltonian: Uy(w)
@ Microstate: w

@ Macrostate: m
@ Probability: Pz(m)

@ Equilibrium state:
mg = global max of Pg(m)
@ Meaning of equilibrium:
m =% mg (i.p.)

@ There is a variational principle behind mg
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Chaotic maps

e Map: xpt+1 = f(x,) (smooth, expansive... nice enough)
@ Trajectory: w = (xg,X1,---,XN_1)
@ Invariant measure: u(x)

@ “Energy” function:
En(w) = En(x) =

» Expansion coefficient:

1 N—1
En(xo) = N Zo In|£'(x;)]
» Natural measure:

on(0) = 1 3 8 — )
i=0

Hugo Touchette (QMUL) Thermodynamic formalism November 7, 2006 13 /20

Equilibrium (thermodynamic) properties

@ Lyapunov exponent:

N—-1
1 N—oo
EN(X()) = N E ‘f’(X,)| — A Mu— a.e.
=0

@ Sinai-Ruelle-Bowen (SRB) measure:

N—
N—>oo
n(x0) = Z —X) — ISRB p—a.e.

Thermodynamic analogy (Ruelle, Sinai)
@ Chaotic trajectories = random states of an N-particle system
@ Concentration points = equilibrium states

@ Variational principles behind equilibrium states
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Thermodynamic formalism (naive)

@ Energy function:
N1
Untoo) = 37 3 In ()
@ Topological partition function:

Zn(B) = /C/XO e~ ANUn(x)

Why topological?

Zn(B) = /dXO e_BNUN(XO), Zn(B) = /d,u(xo) e~ BNUn(x0)
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Counting and classifying trajectories

@ Partition function:
Zu(9) = [ du Qu(a)e
@ Density of trajectories:
Qn(u) = # trajectories with Uy = u

e Entropy:
” (1) ~ M)

@ Topological pressure (free energy);

_ 1
p(B) = — fim —1n Zy(5)
Why pressure?
Lill B (pressure)
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Connection between () and s(u)

@ Variational principle:

o(8) = inf{Bu — s(u))

@ Inversion (under some conditions):

s(u) = inf{Bu — ¢(3)}

@ Lyapunov exponent:

©(1) =0, s(A) = A, Qn(N) ~ eNA,

P(w) ~ e~ NA

@ These are the ideas — proving the results is another story!
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Symbolic dynamics

@ Map: f: X — X (expansive)
@ Partition (coarse-graining): «
o Pre-images: f~Na
e Entropy:
Han(a, ) = — ) u(A)Inp(A)
Acf—Na
@ Mean entropy: i )
: N &,
e p) = fim

@ Kolmogorov-Sinai entropy:

h(y) = sup h(a )
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Main results

@ Variational principle for the pressure:
p(B) = inf{Bu(p) = h(u)},  ulp) = In|f'(x)]

@ Gibbs states:

—Bu(x)
wol) = S 2(0) = [ dx e

@ Variational principle for SRB states:

HUSRB = Mp=1

@ Kolmogorov-Sinai entropy:

p(1) =0 h=A\
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