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Notations.
Xn = X1X2 . . . Xn Sequence of random variables (RVs)
xn = x1x2 . . . xn Realization of Xn

X = {x} State or symbol space
X n = X × · · · × X Product space; space of {xn}
An : X n 7→ A “Observable”; {An} is a sequence of RVs; A is the observable space

Examples.
Xn = X1X2 . . . Xn, Xi ∼ p(x) IID Independent and identically distributed RVs
P (xn) = p(x1)p(x2) · · · p(xn) Product measure for IID RVs

Ln(x) =
1

n

n∑
i=1

δxi,x or Ln =
1

n

n∑
i=1

δxi
Empirical measure vector or type

Un(xn) =
1

n

n∑
i=1

u(xi) Mean energy of n non-interacting particle (perfect gas)

Large deviation property.
{An}∞n=1 Sequence of RVs
{P (An ∈ da)}∞n=1 Sequence of probability measures
P (An ∈ da) � e−nI(a)da Large deviation property (LDP)

lim
n→∞

− 1

n
ln Pr(An ∈ da) = I(a)

I(a) Rate function

Examples. (IID RVs Xi ∼ p(x))
An = Ln Observable = type (vector of rational entries)
P (Ln ∈ dl) � e−nD(l||p)dl LDP for type; Sanov’s theorem

D(l||p) =
∑
x∈X

l(x) ln
l(x)

p(x)
Rate function = Kullback-Leibler distance

X = {0, 1} Binary RVs

Rn(xn) =
1

n

n∑
i=1

xi Fraction of 1’s in xn

P (Rn ∈ dr) � e−nI(r), r ∈ [0, 1] LDP for coin tossing; Cramer’s theorem
I(r) = ln 2 + r ln r + (1− r) ln(1− r)
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Principle of largest term and Laplace integral method.
ena + enb � enmax{a,b} Principle of largest term (PLT)
m∑
i=1

enai � enmaxi{ai}

m = cte <∞ or m = O(nr), r <∞ Finite of polynomial (in n) number of terms

fn =

∫
[α,β]

g(x)e−nφ(x)dx � g(x∗)e−nφ(x∗) Laplace approximation

1. φ′(x∗) = 0, x ∈ [α, β] x∗ is an extremal point
2. φ′′(x∗) > 0 x∗ is a unique minimum of φ
3. g(x∗) 6= 0

Varadhan’s lemma.
P (An ∈ da) � e−nI(a)da LDP

E[eng(An)] �
∫
eng(a)−nI(a)da Exponential integral

� en supa{g(a)−I(a)} Laplace approximation

λ[g] = lim
n→∞

1

n
lnE[eng(An)]

= sup
a
{g(a)− I(a)} Variational solution

Scaled cumulant generating function and the rate function.
{An}∞n=1 Sequence of RVs

P (An ∈ da) � e−nI(a)

g(a) = ka Linear test function

λ(k) = lim
n→∞

1

n
lnE[enkAn ] Scaled cumulant generating function (SCGF)

= lim
n→∞

1

n
ln

∫
enkAn(xn)P (Xn ∈ dxn)

= lim
n→∞

1

n
ln

∫
enkaP (An ∈ da)

= lim
n→∞

1

n
ln

∫
en[ka−I(a)]da

λ(k) = sup
a
{ka− I(a)} Legendre-Fenchel transform of I(a)

Example. (IID RVs Xi ∼ p(x))

Sn(Xn) =
1

n

n∑
i=1

Xi

λ(k) = lim
n→∞

1

n
lnE[eknSn ] Scaled moment generating function

= lim
n→∞

1

n
lnE[ekXi ]n

= lnE[ekXi ] log-Laplace transform of p(x)
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Gärtner-Ellis theorem.
{An}∞n=1 Sequence of RVs

λ(k) = lim
n→∞

1

n
lnE[enkAn ] SGMF

If λ(k) is everywhere differentiable, then
P (An ∈ da) � e−nI(a)da

I(a) = sup
k
{ka− λ(k)} Gärtner-Ellis

Examples. (Sums of IID RVs Xi ∼ p(x))

Sn(Xn) =
1

n

n∑
i=1

Xi

Gaussian Xi ∼ N (µ, σ2) x ∈ R
λ(k) = µk + 1

2
σ2k2 k ∈ R

I(s) =
(s− µ)2

2σ2
s ∈ R

Exponential p(x) = me−mx x ∈ R+

λ(k) = − ln[(m− k)/m] k < m
I(s) = ms− 1− lnms s ∈ R+

Binary {±1} p(±1) = 1/2
λ(k) = ln cosh k k ∈ R

I(s) =
(1 + s)

2
ln(1 + s) +

(1− s)
2

ln(1− s) s ∈ [0, 1]

Three levels of description.
An(xn) : X n 7→ R Scalar observable
P (An ∈ da) � e−nI(a)da Level-1 LDP

Ln Empirical measure
P (Ln ∈ dl) � e−nI(l)dl Level-2 LDP

M
(n)
n Joint-n empirical measure

P (M
(n)
n ∈ dm) � e−nI(m)dm Level-3 LDP

Contraction principle.

{An}∞n=1

f :A7→B−→ {Bn}∞n=1; Bn = f(An) Contraction
a ∈ A b ∈ B
P (An ∈ da) � e−nI(a)da P (Bn ∈ db) � e−nI(b)db

IB(b) = min
a∈A:b=f(a)

IA(a) Largest term estimate

3



Markov chains and the pair empirical measure.
Xn = X1X2 . . . Xn, Xi ∈ X Sequence of RVs
Xn+1 = X1, X0 = Xn Periodic boundary conditions

P (xn) =
n∏
i=1

P (xi+1|xi) Probability measure under Markov condition

P (xi+1|xi) = P (x′|x) Transition probability matrix

L2
n(x, y) =

1

n

n∑
i=1

δ(xi,xi+1),(x,y) =
1

n

n∑
i=1

δxi,xδxi+1,y Pair empirical measure

P (L2
n ∈ dl) � e−nD(l||P )dl LDP for the pair empirical measure

D(l||P ) =
∑

x∈X ,y∈X

l(x, y) ln
l(x, y)

l(x)P (y|x)
Extended information divergence

Ln(x) =
∑
y∈X

Ln(x, y) Type projection (marginal empirical measure)

Large deviation property (rigorous definition).
{P (An ∈ da)}∞n=1 satisfies a LDP with rate n and rate function I if
(1) I is a rate function (cf. below)

(2) lim
n→∞

sup
1

n
lnP (An ∈ [A]) ≤ −I([A]) [A] closed subset of A

(3) lim
n→∞

inf
1

n
lnP (An ∈]A[) ≥ −I(]A[) ]A[ open subset of A

I(A) = inf
a∈A

I(a) LDP rate function
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